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=
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D1

y
1
2π

e−
x2+y2

2 dxdy +
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D2

x
1
2π

e−
x2+y2

2 dxdy

=
1
2π

∫ +∞

−∞
e−

x2

2 dx

∫ +∞

x
ye−

y2

2 dy+
1
2π
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−∞
e−

y2

2 dy

∫ +∞

y
xe−

x2

2 dx
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2 dx
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x
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= 4
∫ +∞

0

∫ +∞

0
e−(x2+y2)dxdy

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

4.1.4(Y)

=
∫∫

D1

y
1
2π

e−
x2+y2

2 dxdy +
∫∫

D2

x
1
2π

e−
x2+y2

2 dxdy

=

1
2π

∫ +∞

−∞
e−

x2

2 dx

∫ +∞

x
ye−

y2

2 dy+
1
2π

∫ +∞

−∞
e−

y2

2 dy

∫ +∞

y
xe−

x2

2 dx
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π

∫ +∞

−∞
e−

x2

2 dx

∫ +∞

x
ye−

y2

2 dy =
1
π

∫ +∞

−∞
e−

x2

2 dx =
1√
π

(
∫ +∞

−∞
e−x2

dx)2 =
∫ +∞

−∞

∫ +∞

−∞
e−(x2+y2)dxdy

= 4
∫ +∞

0

∫ +∞

0
e−(x2+y2)dxdy
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~4.1.4(Y)

= 4
∫ +∞

0

∫ +∞

0
e−(x2+y2)dxdy = 4

∫ π
2

0
dθ

∫ +∞

0
e−r2

rdr

= 4× π

2
× 1

2
= π

¤± ∫ +∞

−∞
e−x2

dx =
√

π

��/§eX ∼ N(µ, σ2), Y ∼ N(µ, σ2), X, Y�pÕá§K

E(max{X, Y }) = µ +
σ√
π

E(min{X, Y }) = µ− σ√
π
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êÆÏ"�5�

E(C) = C ~ê

E(aX) = aE(X)
E(X + Y ) = E(X) + E(Y )

E

( n∑
i=1

aiXi + C

)
=

n∑
i=1

aiE(Xi) + C

�X, Y Õá�§E(XY ) = E(X)E(Y )
5µ_·KØ¤á§=eE(XY ) = E(X)E(Y )X, Y Ø�½
Õá

e�3êa¦P (X ≥ a) = 1, KE(X) ≥ a ¶
e�3êb ¦P (X ≤ b) = 1, KE(X) ≤ b.
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êÆÏ"�A^Þ~

~~~4.1.1µµµ ©Ù�¯K:
`¯üÙäÙE�Ó§�ÑÙ550�.Ã²Û§XkI3Û§K
¼�ÜÙ5.�`I2Û!¯I1Û�§¥�
ÙÆ. ¯XÛ©Ù
�?

1. U®ÙÛê©µ

K`©oÙ��2/3!¯©oÙ��1/3
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êÆÏ"�A^Þ~

~~~4.1.1µµµ ©Ù�¯K:
`¯üÙäÙE�Ó§�ÑÙ550�.Ã²Û§XkI3Û§K
¼�ÜÙ5.�`I2Û!¯I1Û�§¥�
ÙÆ. ¯XÛ©Ù
�?

1. U®ÙÛê©µ

K`©oÙ��2/3!¯©oÙ��1/3
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2. U®ÙÛêÚ2Ùe��/Ï"0©:
Ï�2ÙüÛ7©�K§�o«�¹µ``!`¯!¯`!¯

¯¤±`©oÙ��3/4!¯©oÙ��1/4

eU®ÙÛêÚ2Ùe��/Ï"0©§K`�¤�X´��
�U���0 ½100��ÅCþ§Ù©Ù��µ

`�/Ï"0¤�´µ0× 1/4 + 100× 3/4 = 75.
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êÆÏ"�A^Þ~(Y)

~~~4.1.2µµµ VVVÇÇÇ+++ÁÁÁ)))���ÉÉÉ���YYY���ÀÀÀJJJ
�Ê�,«;¾, n �<I�É. �É�YkXeü«µ

(1) ©Oz�z�<�É, �Iz�n g¶
(2) ©|z�,k �<�É·3�åz�, e(J�Ò5, K�I
z��g; e��5, Kék �<�ÉÅ�z�, éÑk¾ö, d
�k �<�ÉIz�k +1g"�z<É�z�¥�5�VÇ�p,
�z<z�(J´�pÕá�.Á`²ÀJ=��Y�²L"
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~~~4.1.2µµµ VVVÇÇÇ+++ÁÁÁ)))���ÉÉÉ���YYY���ÀÀÀJJJ
�Ê�,«;¾, n �<I�É. �É�YkXeü«µ
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�k �<�ÉIz�k +1g"�z<É�z�¥�5�VÇ�p,
�z<z�(J´�pÕá�.Á`²ÀJ=��Y�²L"

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"
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êÆÏ"�A^Þ~(Y)

):�LO��Y£2¤¤Igê�Ï"§�{üå�§Ø�
Pn´k��ê§�©¤n/k|.�1i|Iz��gê�Xi,

K

Xi ∼
(

1 k + 1
(1− p)k 1− (1− p)k

)
E(Xi) = (1− P )k + (k + 1)[1− (1− p)k]

= (k + 1)− k(1− p)k
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êÆÏ"�A^Þ~(Y)

):�LO��Y£2¤¤Igê�Ï"§�{üå�§Ø�
Pn´k��ê§�©¤n/k|.�1i|Iz��gê�Xi, K
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(
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êÆÏ"�A^Þ~(Y)

E(X) =
n/k∑
i=1

E(Xi) =
n

k
[(k + 1)− k(1− p)k]

= n

[
1−

(
(1− p)k − 1

k

)]
e

(
(1− p)k − 1

k

)
> 0,KE(X) < n

~X,n = 1000, p = 0.001, k = 10,

E(X) = 1000
[
1−

(
0.99910 − 1

10

)]
≈ 110 << 1000.

�(1− p)k < 1/k�, ÀJ�Y(2) �²L.
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êÆÏ"�A^Þ~(Y)

E(X) =
n/k∑
i=1

E(Xi) =
n

k
[(k + 1)− k(1− p)k]

= n

[
1−

(
(1− p)k − 1

k

)]
e

(
(1− p)k − 1

k

)
> 0,KE(X) < n

~X,n = 1000, p = 0.001, k = 10,

E(X) = 1000
[
1−

(
0.99910 − 1

10

)]
≈ 110 << 1000.

�(1− p)k < 1/k�, ÀJ�Y(2) �²L.
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ggg���KKKµµµ

k5000<���+N§Ù¥�<�k,«�·5�;¾§�±Ó
L�É5u�Ñd«;¾§ÁO�^VÇ+Á{Iu�Agº¯

kÃÙ¦�Ð��{º
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~~~4.1.3µµµ���ÖÖÖ¯̄̄KKK �,�ÖzF�d3ñ�êζÑlëê��
Ñt©Ù"XJzñÑ�°�����Åa�§ñØK
ò£K
z°��b�"e,FT�Ö1?n°��§Á¦ÙÏ"¤�§¿
¦Ñ�Z�n"
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~~~4.1.4µµµ½|þé,«�¬zcI¦þ�X
ë§X ∼ U [2000, 4000], zÑÈ�ë�?3��,ÈØÑ�§Kz
ëIó¥�+¤1 ��§¯AT)�ù¥û¬õ�ë, âU¦²
þ|d��º

):

fX(x) =
{

1
2000 , 2000 < x < 4000
0, else

�zc)�y ë�|d�Y ,w,§2000 < y < 4000

Y = g(X) =
{

3y, y ≤ X
3X − (y −X), y > X

g(x) =
{

3y, y ≤ x
4x− y, y > x
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~~~4.1.4µµµ½|þé,«�¬zcI¦þ�X
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):
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0, else
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E(Y ) =
∫ +∞

−∞
g(x)fX(x)dx

=
∫ y

2000
(4x− y)

1
2000

dx +
∫ 4000

y
3y

1
2000

dx

=
1

2000
(−2y2 + 14000y − 8× 106)

dE(Y )
dy

=
1

2000
(−4y + 14000) = 0

w,§
d2E(Y )

dy2 = − 4
2000 < 0

�y = 3500�, E(Y )��, E(Y ) = 8250��
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��½Â

eE(X − E(X))2�3§K¡E(X − E(X))2�X ���§P�

V ar(X) = D(X) = E(X − E(X))2

¡σX = σ(X) =
√

V ar(X)�X �IO�.

IO��þj��ÅCþ�þj�Ó"

VÇ¿Âµ

êÆÏ"�N
X ���¥%.

���N
X ���éuÙ��¥%�lÑ§Ý.
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���O�

·Kµ

V ar(X) = 0 ⇐⇒ P (X = E(X)) = 1

eX �lÑ.�ÅCþ§©Ù��

P (X = k) = pk, k = 1, 2. . . .

D(X) =
+∞∑
k

(xk − E(X))2pk

eX �ëY.�ÅCþ§VÇ�Ý�f(x)

D(X) =
∫ +∞

−∞
(x− E(X))2f(x)dx

O����~^úªµ

D(X) = E(X2)− E2(X)
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~4.2.1

�X ∼ P (λ), ¦D(X).

):

EX = λ

E(X2) =
+∞∑
k=0

k2 λke−λ

k!
=

+∞∑
k=1

k(k − 1)
λk

k!
e−λ +

+∞∑
k=1

k
λk

k!
e−λ

¤±§

E(X2) = λ2 + λ

D(X) = E(X2)− E2(X) = λ
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k(k − 1)
λk
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e−λ +
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�X ∼ P (λ), ¦D(X).
):

EX = λ

E(X2) =
+∞∑
k=0

k2 λke−λ

k!
=

+∞∑
k=1

k(k − 1)
λk

k!
e−λ +

+∞∑
k=1

k
λk

k!
e−λ

¤±§

E(X2) = λ2 + λ

D(X) =

E(X2)− E2(X) = λ
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~4.2.1

�X ∼ P (λ), ¦D(X).
):

EX = λ

E(X2) =
+∞∑
k=0

k2 λke−λ

k!
=

+∞∑
k=1

k(k − 1)
λk

k!
e−λ +

+∞∑
k=1

k
λk

k!
e−λ

¤±§

E(X2) = λ2 + λ

D(X) = E(X2)− E2(X) = λ
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~4.2.2

�X ∼ B(n, p)§¦D(X).
)µD(X) = np(1− p)
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�X ∼ N(µ, σ2), ¦D(X)

):

D(X) =

∫ +∞

−∞
(x− µ)2

1√
2πσ

e−
(x−µ)2

2σ2 dx

x−µ
σ

=t
=

∫ +∞

−∞
σ2t2

1√
2π

e−
t2

2 dt

= σ2
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�X ∼ N(µ, σ2), ¦D(X)

):

D(X) =
∫ +∞

−∞
(x− µ)2

1√
2πσ

e−
(x−µ)2

2σ2 dx

x−µ
σ

=t
=

∫ +∞

−∞
σ2t2

1√
2π

e−
t2

2 dt

= σ2

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

�X ∼ N(µ, σ2), ¦D(X)

):

D(X) =
∫ +∞

−∞
(x− µ)2

1√
2πσ

e−
(x−µ)2

2σ2 dx

x−µ
σ

=t
=

∫ +∞

−∞
σ2t2

1√
2π

e−
t2

2 dt

=

σ2
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�X ∼ N(µ, σ2), ¦D(X)

):

D(X) =
∫ +∞

−∞
(x− µ)2

1√
2πσ

e−
(x−µ)2

2σ2 dx

x−µ
σ

=t
=

∫ +∞

−∞
σ2t2

1√
2π

e−
t2

2 dt

= σ2
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~4.2.3

�XL«Õá�Â��Â¥8I��¤I�Â�gê, ®�zg
�Â¥q�VÇ�p , ¦E(X), D(X)
): XÑl

AÛ©Ù.

P (X = k) = pqk−1, k = 1, 2, . . .

p + q = 1 0 < p < 1

E(X) =
+∞∑
k=1

kpqk−1 = p
+∞∑
k=1

kqk−1 =
p

(1− q)2
=

1
p
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+∞∑
k=1
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(1− q)2
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1
p
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+∞∑
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+∞∑
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1
p
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p + q = 1 0 < p < 1

E(X) =
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k=1

kpqk−1 =

p
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p

(1− q)2
=

1
p
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�Â¥q�VÇ�p , ¦E(X), D(X)
): XÑlAÛ©Ù.

P (X = k) = pqk−1, k = 1, 2, . . .

p + q = 1 0 < p < 1

E(X) =
+∞∑
k=1

kpqk−1 = p

+∞∑
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p

(1− q)2
=

1
p
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~4.2.3

�XL«Õá�Â��Â¥8I��¤I�Â�gê, ®�zg
�Â¥q�VÇ�p , ¦E(X), D(X)
): XÑlAÛ©Ù.

P (X = k) = pqk−1, k = 1, 2, . . .

p + q = 1 0 < p < 1

E(X) =
+∞∑
k=1

kpqk−1 = p

+∞∑
k=1

kqk−1 =
p

(1− q)2
=

1
p
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~4.2.3

E(X2) =
+∞∑
k=1

k(k − 1)pqk−1 +
+∞∑
k=1

kpqk−1

= pq
+∞∑
k=2

k(k − 1)qk−2 +
1
p

= pq
d2

dx2

(+∞∑
k=0

xk

)
|x=q +

1
p

= pq
2

(1− x)3
|x=q +

1
p

=
2− p

p2

D(X) =
2− p

p2
− 1

p2
=

1− p

p2
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~4.2.3

E(X2) =
+∞∑
k=1

k(k − 1)pqk−1 +
+∞∑
k=1

kpqk−1

= pq

+∞∑
k=2

k(k − 1)qk−2 +
1
p

=

pq
d2

dx2

(+∞∑
k=0

xk

)
|x=q +

1
p

= pq
2

(1− x)3
|x=q +

1
p

=
2− p

p2

D(X) =
2− p

p2
− 1

p2
=

1− p

p2
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~4.2.3

E(X2) =
+∞∑
k=1

k(k − 1)pqk−1 +
+∞∑
k=1

kpqk−1

= pq

+∞∑
k=2

k(k − 1)qk−2 +
1
p

= pq
d2

dx2

(+∞∑
k=0

xk

)
|x=q +

1
p

=

pq
2

(1− x)3
|x=q +

1
p

=
2− p

p2

D(X) =
2− p

p2
− 1

p2
=

1− p

p2
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~4.2.3

E(X2) =
+∞∑
k=1

k(k − 1)pqk−1 +
+∞∑
k=1

kpqk−1

= pq

+∞∑
k=2

k(k − 1)qk−2 +
1
p

= pq
d2

dx2

(+∞∑
k=0

xk

)
|x=q +

1
p

= pq
2

(1− x)3
|x=q +

1
p

=
2− p

p2

D(X) =

2− p

p2
− 1

p2
=

1− p

p2
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~4.2.3

E(X2) =
+∞∑
k=1

k(k − 1)pqk−1 +
+∞∑
k=1

kpqk−1

= pq

+∞∑
k=2

k(k − 1)qk−2 +
1
p

= pq
d2

dx2

(+∞∑
k=0

xk

)
|x=q +

1
p

= pq
2

(1− x)3
|x=q +

1
p

=
2− p

p2

D(X) =
2− p

p2
− 1

p2
=

1− p

p2

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

���5�

D(aX + b) = a2D(X)
eX, Y�pÕá§K

D(X ± Y ) = D(X) + D(Y )

X1, . . . , Xn�pÕá,a1, a2, . . . , an, b�~ê

D

( n∑
i=1

aiXi + b

)
=

n∑
i=1

a2
i D(Xi)
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���5�

D(aX + b) = a2D(X)

eX, Y�pÕá§K

D(X ± Y ) = D(X) + D(Y )

X1, . . . , Xn�pÕá,a1, a2, . . . , an, b�~ê

D

( n∑
i=1

aiXi + b

)
=

n∑
i=1

a2
i D(Xi)
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���5�

D(aX + b) = a2D(X)
eX, Y�pÕá§K

D(X ± Y ) = D(X) + D(Y )

X1, . . . , Xn�pÕá,a1, a2, . . . , an, b�~ê

D

( n∑
i=1

aiXi + b

)
=

n∑
i=1

a2
i D(Xi)
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���5�

D(aX + b) = a2D(X)
eX, Y�pÕá§K

D(X ± Y ) = D(X) + D(Y )

X1, . . . , Xn�pÕá,a1, a2, . . . , an, b�~ê

D

( n∑
i=1

aiXi + b

)
=

n∑
i=1

a2
i D(Xi)
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���5�

eX, Y �pÕá⇒ E(XY ) = E(X)E(Y )
6⇐⇒ D(X ± Y ) = D(X) + D(Y )

é?¿~êC,D(X) ≤ E(X − C)2, ��=�C = E(X)�
�Ò¤á.
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eX, Y �pÕá⇒ E(XY ) = E(X)E(Y )
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eX, Y �pÕá⇒ E(XY ) = E(X)E(Y )
6⇐⇒ D(X ± Y ) = D(X) + D(Y )
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�'ÈÅØ�ª

��ÅCþX����3(ù�þ���3), Ké?¿�êε§
ke¡Ø�ª¤á

P{| X − E(X) |≥ ε} ≤ V ar(X)
ε2

P{| X − E(X) |< ε} ≥ 1− V ar(X)
ε2
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IOz�ÅCþ

��ÅCþX�Ï"E(X)!��D(X) Ñ�3, �D(X) 6= 0, K
¡

X∗ =
X − E(X)√

D(X)

�X�IOz�ÅCþ. w,§

E(X∗) = 0, D(X∗) = 1

£1¤IOz�ÅCþ�Ø
��oN�m�þ�!��ÚÝþ
ü ��É¶

£2¤3¢SA^¥§�'�äkÓ©Ù��«ØÓ5
êâ�
VÇA�§~rêâIOz"~X§3'��¶ÓÆ3�?�ü

gØÓ�Á¥�ÆS¤1§^¦�IO©ê�Ün¶3'�3Ø

Ó�?�ü¶ÓÆ�ÆS¤1�§^�g��IO©ê5'��

Ün5Ò���
§Ø�ü��?k�Ó�ÆSY²"
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¡
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��ÅCþX�Ï"E(X)!��D(X) Ñ�3, �D(X) 6= 0, K
¡
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X − E(X)√

D(X)
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E(X∗) = 0, D(X∗) = 1
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VÇA�§~rêâIOz"~X§3'��¶ÓÆ3�?�ü

gØÓ�Á¥�ÆS¤1§^¦�IO©ê�Ün¶

3'�3Ø

Ó�?�ü¶ÓÆ�ÆS¤1�§^�g��IO©ê5'��
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IOz�ÅCþ

��ÅCþX�Ï"E(X)!��D(X) Ñ�3, �D(X) 6= 0, K
¡

X∗ =
X − E(X)√

D(X)

�X�IOz�ÅCþ. w,§

E(X∗) = 0, D(X∗) = 1

£1¤IOz�ÅCþ�Ø
��oN�m�þ�!��ÚÝþ
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�ÅCþ�Ù§êiA�

Ý!CÉXê!© ê!¥ ê

k��:Ýµ

µk = E(Xk) k = 1, 2, . . . .

• 5¿: µ1 = E(X).

k �¥%Ýµvk = E[X − E(X)]k, k = 1, 2, . . . .

• 5¿: v2 = V ar(X)

k ��:Ý�k �¥%Ý�'X:
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Ý!CÉXê!© ê!¥ ê

k��:Ýµµk = E(Xk) k = 1, 2, . . . .

• 5¿: µ1 = E(X).

k �¥%Ýµ

vk = E[X − E(X)]k, k = 1, 2, . . . .

• 5¿: v2 = V ar(X)

k ��:Ý�k �¥%Ý�'X:
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�ÅCþ�Ù§êiA�

Ý!CÉXê!© ê!¥ ê

k��:Ýµµk = E(Xk) k = 1, 2, . . . .

• 5¿: µ1 = E(X).

k �¥%Ýµvk = E[X − E(X)]k, k = 1, 2, . . . .

• 5¿: v2 = V ar(X)

k ��:Ý�k �¥%Ý�'X:
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�ÅCþ�Ù§êiA�

CÉXê

¡CV =
√

V ar(X)

E(X) �X �CÉXê.

© ê

�0 < p < 1§xp = F−1(p),

F−1(p) = inf{x : F (x) ≥ p}

K¡xp �d©Ùp−© ê§½¡xp �eýp−© ê.
¥ ê

¡p = 0.5��p© êx�¥ ê.
¥ ê�þ�

• �Ó:µÑ´�N�ÅCþ� �A�.
• ØÓ:µ¹ÂØÓ§¥ ê�þ�­½"
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CÉXê

¡CV =
√

V ar(X)

E(X) �X �CÉXê.
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¡

rXY =
Cov(X, Y )√

V ar(X)
√

V ar(Y )

�X �Y ��'Xê.
eP

X∗ =
X − E(X)√

D(X)
, Y ∗ =

Y − E(Y )√
D(Y )

K
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���Ú�'Xê�O�

cov(X, Y ) = E(XY )− E(X)E(Y )

e(X, Y ) �lÑ.§

cov(X, Y ) =
+∞∑
i=1

+∞∑
j=1

[xi − E(X)][yj − E(Y )]pij

e( X ,Y ) �ëY.§

cov(X, Y ) =
∫ +∞

−∞

∫ +∞

−∞
[x− E(X)][y − E(Y )]f(x, y)dxdy
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~4.2.4

�(X, Y ) ∼ N(µ1, σ
2
1;µ2, σ

2
2; r),

¦(1)(X, Y )����Ý

¶(2)(X, Y )�'XêrXY

)

Cov(X, Y )

=
∫∫
R2

(x− µ1) (y − µ2) p (x, y) dxdy

=
∫∫
R2

uvσ1σ2

2π
√

1− r2
exp

{
−u2 − 2ruv + v2

2(1− r2)

}
dudv

=
∫∫
R2

uvσ1σ2

2π
√

1− r2
exp

{
−(u− rv)2

2(1− r2)
− v2

2

}
dudv

=
∫ ∞

−∞

rv2σ1σ2√
2π

exp
{
−v2

2

}
dv = rσ1σ2
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~4.2.4

¤±§

Var (X, Y ) =

(
σ2

1 rσ1σ2

rσ1σ2 σ2
2

)

rXY = r

l
§e(X, Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2; r)

KX, Y�pÕá⇐⇒ X ,Y Ø�'
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���Ú�'Xê�5�

���äkXe�5�µ

(1)é¡5µCov(X, Y ) = Cov(Y, X);
(2)

eX�Y�pÕá§KCov(X, Y ) = 0;
(3) éu?Û¢êc§Cov(cX, Y ) = Cov(X, cY ) = cCov(X, Y )
(4)D(ξi) = Cov(ξi, ξi)"
(5)

cov

( n∑
i=1

aiXi,

n∑
j=1

bjYj

)
=

n∑
i=1

aibjcov(Xi, Yj)
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���Ú�'Xê�5�

(6)

D

( n∑
i=1

Xi

)
=

n∑
i=1

D(Xi) + 2
n∑

1≤i<j≤n

cov(Xi, Yj)

eX1, X2, . . . , Xn�pÕá§

D

( n∑
i=1

Xi

)
=

n∑
i=1

D(Xi)
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~4.2.5

�XL«Õá�Â��Â¥8Ing��¤I�Â�gê, ®�
zg�Â¥q�VÇ�p, ¦E(X), D(X).

):-XiL«Â¥8Ii− 1g��1i gÂ¥8I¤I�Â�g
ê§i = 1, 2, . . . , n X1, X2, . . . , Xn �pÕá§�X =

∑n
i=1 Xi

dc¡�~�µ

E(X) =
n∑

i=1

E(Xi) =
n

p

D(X) =
n∑

i=1

D(Xi) =
n(1− p)

p2
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~4.2.6

ò?Ò©O�1 ∼ n�n �¥�Å/�\?Ò©O�1 ∼ n�n�
Ýf¥, zÝ�¥. e¥�Òè�Ýf�Òè��§K¡���
�é. ¦�é�êX �Ï"���.

):PXi�1§XJiÒ�\iÒÝ,ÄK�0. i = 1, 2, . . . , nK

X =
n∑

i=1

Xi

�X1, X2, . . . , XnØ�pÕá§

E(X) =
n∑

i=1

E(Xi) = n
1
n

= 1
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X1, X2, . . . , XnØ�pÕá§

E(X) =
n∑

i=1

E(Xi) = n
1
n

= 1
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~4.2.6

ò?Ò©O�1 ∼ n�n �¥�Å/�\?Ò©O�1 ∼ n�n�
Ýf¥, zÝ�¥. e¥�Òè�Ýf�Òè��§K¡���
�é. ¦�é�êX �Ï"���.
):PXi�1§XJiÒ�\iÒÝ,ÄK�0. i = 1, 2, . . . , nK

X =
n∑

i=1

Xi

�X1, X2, . . . , XnØ�pÕá§

E(X) =

n∑
i=1

E(Xi) = n
1
n

= 1
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~4.2.6

ò?Ò©O�1 ∼ n�n �¥�Å/�\?Ò©O�1 ∼ n�n�
Ýf¥, zÝ�¥. e¥�Òè�Ýf�Òè��§K¡���
�é. ¦�é�êX �Ï"���.
):PXi�1§XJiÒ�\iÒÝ,ÄK�0. i = 1, 2, . . . , nK

X =
n∑

i=1

Xi

�X1, X2, . . . , XnØ�pÕá§

E(X) =
n∑

i=1

E(Xi) = n
1
n

= 1

Ü # ) VÇØÄ:
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~4.2.6(Y)

5¿�µ

E(X2
i ) =

1
n

i = 1, 2, . . . , n

E(XiXj) =
1

n(n− 1)
i, j = 1, 2, . . . , n

D(X) =

n∑
i=1

D(Xi) + 2
n∑

1≤i<j≤n

cov(Xi, Yj)

=
n∑

i=1

1
n

(1− 1
n

) + 2
n∑

1≤i<j≤n

[
1

n(n− 1)
− (

1
n

)2]

= 1− 1
n

+ 2C2
n

1
n2(n− 1)

= 1
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~4.2.6(Y)

5¿�µ

E(X2
i ) =

1
n

i = 1, 2, . . . , n

E(XiXj) =
1

n(n− 1)
i, j = 1, 2, . . . , n

D(X) =
n∑

i=1

D(Xi) + 2
n∑

1≤i<j≤n

cov(Xi, Yj)

=

n∑
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1
n

(1− 1
n

) + 2
n∑

1≤i<j≤n

[
1

n(n− 1)
− (

1
n

)2]

= 1− 1
n

+ 2C2
n

1
n2(n− 1)

= 1
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~4.2.6(Y)

5¿�µ

E(X2
i ) =

1
n

i = 1, 2, . . . , n

E(XiXj) =
1

n(n− 1)
i, j = 1, 2, . . . , n

D(X) =
n∑

i=1

D(Xi) + 2
n∑

1≤i<j≤n

cov(Xi, Yj)

=
n∑

i=1

1
n

(1− 1
n

) + 2
n∑

1≤i<j≤n

[
1

n(n− 1)
− (

1
n

)2]

= 1− 1
n

+ 2C2
n

1
n2(n− 1)

= 1
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Cauchy-SchwarzØ�ª

| cov(X, Y ) |2≤ D(X)D(Y )

�D(X) > 0, D(Y ) > 0 �§��=
�P{Y − E(Y ) = t0[X − E(X)]} = 1�, �ª¤á"

yµØ��D(X) > 0§-

g(t) = E{[Y − E(Y )]− t[X − E(X)]}2

= D(Y )− 2tcov(X, Y ) + t2D(X)

é?Û¢êt,g(t) ≥ 0 ⇒

4cov2(X, Y )− 4D(X)D(Y ) ≤ 0

=| cov(X, Y ) |2≤ D(X)D(Y )�Ò¤á⇐⇒ g(t) = 0kü��
��¢":
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�P{Y − E(Y ) = t0[X − E(X)]} = 1�, �ª¤á"
yµØ��D(X) > 0§-

g(t) =

E{[Y − E(Y )]− t[X − E(X)]}2

= D(Y )− 2tcov(X, Y ) + t2D(X)

é?Û¢êt,g(t) ≥ 0 ⇒

4cov2(X, Y )− 4D(X)D(Y ) ≤ 0
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�P{Y − E(Y ) = t0[X − E(X)]} = 1�, �ª¤á"
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g(t) = E{[Y − E(Y )]− t[X − E(X)]}2
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D(Y )− 2tcov(X, Y ) + t2D(X)

é?Û¢êt,g(t) ≥ 0 ⇒
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�P{Y − E(Y ) = t0[X − E(X)]} = 1�, �ª¤á"
yµØ��D(X) > 0§-

g(t) = E{[Y − E(Y )]− t[X − E(X)]}2
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=| cov(X, Y ) |2≤ D(X)D(Y )�Ò¤á⇐⇒ g(t) = 0kü��
��¢":

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

Cauchy-SchwarzØ�ª

g(t0) = 0 =E{[Y − E(Y )]− t0[X − E(X)]}2 = 0

⇐⇒ D[(Y − E(Y ))− t0(X − E(X))] = 0

⇐⇒ P [(Y − E(Y ))− t0(X − E(X)) = 0] = 1

=P [(Y − E(Y )) = t0(X − E(X))] = 1
=Y �Xk�5'X�VÇ�u1, ù«�5'X�

P

(
Y − E(Y )√

D(Y )
= ±X − E(X)√

D(X)

)
= 1
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�'Xê�5�

| rXY |≤ 1 ,| rXY |= 1

⇐⇒ Cauchy − SchwarzØ�ª��Ò
¤á

⇐⇒ =Y �Xk�5'X�VÇ�u1§ù«�5'X�

P

(
Y ∗ = ±X∗

)
= 1

X∗ = (X − EX)/
√

D(X), Y ∗ = (Y − EY )/
√

D(Y ).
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�'Xê�5�
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⇐⇒ =Y �Xk�5'X�VÇ�u1§ù«�5'X�

P

(
Y ∗ = ±X∗
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X∗ = (X − EX)/
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�'Xê�5�
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�'Xê�5�

rXY = 1 ⇐⇒ cov(X, Y ) > 0

p

(
Y ∗ = X∗

)
= 1

rXY = −1 ⇐⇒ cov(X, Y ) < 0

p

(
Y ∗ = −X∗

)
= 1

rXY����N
X�Y�m��5'X
• 0 < rXY < 1, X �Y m��'.
• 0 > rXY > −1, X �Y mK�'.
• 0 > rXY = ±1, X �Y m±VÇ1�3�5'X.
• rXY = 0, X �Y mØ�',vk�5'X
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−5 0 5
−5

0

5

r(ξ,η)=0

−5 0 5
−5

0

5

r(ξ,η)=0

−5 0 5
−5

0

5

r(ξ,η)=0.4

−5 0 5
−5

0

5

r(ξ,η)=−0.4

−5 0 5
−5

0

5

r(ξ,η)=0.8

−5 0 5
−5

0

5

r(ξ,η)=−0.8

−5 0 5
−5

0

5

r(ξ,η)=1

−5 0 5
−5

0

5

r(ξ,η)=−1

ØÓ�'Xê«¿ã
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~

�θ ∼ U(0, 2π),X = cos θ,Y = cos(θ + α), α´�½�~ê§
¦rXY

):

fθ(t) =
{

1
2π 0 < t < 2π
0 else

E(X) =
∫ 2π

0
cos t

1
2π

dt = 0

E(Y ) =
∫ 2π

0
cos(t + α)

1
2π

dt = 0

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~
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~4.2.7

E(XY ) =

∫ 2π

0
cos(t) cos(t + α)

1
2π

dt =
1
2

cos α

⇐⇒ cov(X, Y ) =
1
2

cos α

E(X2) =
∫ 2π

0
cos2 t

1
2π

dt =
1
2
, D(X) =

1
2

E(Y 2) =
∫ 2π

0
cos2(t + α)

1
2π

dt =
1
2
, D(Y ) =

1
2

⇐⇒ rXY = cos α
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~4.2.7

E(XY ) =
∫ 2π

0
cos(t) cos(t + α)

1
2π

dt =
1
2

cos α

⇐⇒ cov(X, Y ) =
1
2

cos α

E(X2) =
∫ 2π

0
cos2 t

1
2π

dt =
1
2
, D(X) =

1
2

E(Y 2) =
∫ 2π

0
cos2(t + α)

1
2π

dt =
1
2
, D(Y ) =

1
2

⇐⇒ rXY = cos α

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.2.7

E(XY ) =
∫ 2π

0
cos(t) cos(t + α)

1
2π

dt =
1
2

cos α

⇐⇒ cov(X, Y ) =
1
2

cos α

E(X2) =
∫ 2π

0
cos2 t

1
2π

dt =
1
2
, D(X) =

1
2

E(Y 2) =
∫ 2π

0
cos2(t + α)

1
2π

dt =
1
2
, D(Y ) =

1
2

⇐⇒ rXY = cos α

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.2.7

eα = 0, rXY =

1 ⇒ Y = X
eα = π,rXY = − 1 ⇒ Y = −X
l
k

| rXY |= 1 ⇒

X, Yk�5'X
eα = π

2 , 3π
2 ,rXY = 0 X, YØ�'§�X, YØÕá§

X, Yvk�5'X§�k¼ê'X

X2 + Y 2 = 1

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.2.7

eα = 0, rXY = 1 ⇒ Y = X
eα = π,rXY =

− 1 ⇒ Y = −X
l
k

| rXY |= 1 ⇒

X, Yk�5'X
eα = π

2 , 3π
2 ,rXY = 0 X, YØ�'§�X, YØÕá§

X, Yvk�5'X§�k¼ê'X

X2 + Y 2 = 1

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.2.7

eα = 0, rXY = 1 ⇒ Y = X
eα = π,rXY = − 1 ⇒ Y = −X
l
k

| rXY |= 1 ⇒

X, Yk�5'X
eα = π

2 , 3π
2 ,rXY = 0 X, YØ�'§�X, YØÕá§

X, Yvk�5'X§�k¼ê'X

X2 + Y 2 = 1

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.2.7

eα = 0, rXY = 1 ⇒ Y = X
eα = π,rXY = − 1 ⇒ Y = −X
l
k

| rXY |= 1 ⇒

X, Yk�5'X
eα = π

2 , 3π
2 ,rXY = 0 X, YØ�'§�X, YØÕá§

X, Yvk�5'X§�k¼ê'X

X2 + Y 2 = 1

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.2.7

eα = 0, rXY = 1 ⇒ Y = X
eα = π,rXY = − 1 ⇒ Y = −X
l
k

| rXY |= 1 ⇒

X, Yk�5'X
eα = π

2 , 3π
2 ,rXY = 0 X, YØ�'§�X, YØÕá§

X, Yvk�5'X§�k¼ê'X

X2 + Y 2 = 1

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

Õá�Ø�'

rXY = 0 ⇐⇒ X, Y Ø�'

⇐⇒ cov(X, Y ) = 0
⇐⇒ E(XY ) = E(X)E(Y )
⇐⇒ D(X ± Y ) = D(X) + D(Y )

X, Y �pÕá
6⇐⇒ X, Y Ø�'

ü«~	�/µ

£i¤e(X, Y )Ñl����©Ù§
X, Y �pÕá ⇐⇒ X, Y Ø�'

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

Õá�Ø�'

rXY = 0 ⇐⇒ X, Y Ø�'

⇐⇒ cov(X, Y ) = 0

⇐⇒ E(XY ) = E(X)E(Y )
⇐⇒ D(X ± Y ) = D(X) + D(Y )

X, Y �pÕá
6⇐⇒ X, Y Ø�'

ü«~	�/µ

£i¤e(X, Y )Ñl����©Ù§
X, Y �pÕá ⇐⇒ X, Y Ø�'

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

Õá�Ø�'

rXY = 0 ⇐⇒ X, Y Ø�'

⇐⇒ cov(X, Y ) = 0
⇐⇒ E(XY ) = E(X)E(Y )

⇐⇒ D(X ± Y ) = D(X) + D(Y )

X, Y �pÕá
6⇐⇒ X, Y Ø�'

ü«~	�/µ

£i¤e(X, Y )Ñl����©Ù§
X, Y �pÕá ⇐⇒ X, Y Ø�'

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

Õá�Ø�'

rXY = 0 ⇐⇒ X, Y Ø�'

⇐⇒ cov(X, Y ) = 0
⇐⇒ E(XY ) = E(X)E(Y )
⇐⇒ D(X ± Y ) = D(X) + D(Y )

X, Y �pÕá
6⇐⇒ X, Y Ø�'

ü«~	�/µ

£i¤e(X, Y )Ñl����©Ù§
X, Y �pÕá ⇐⇒ X, Y Ø�'

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

Õá�Ø�'

rXY = 0 ⇐⇒ X, Y Ø�'

⇐⇒ cov(X, Y ) = 0
⇐⇒ E(XY ) = E(X)E(Y )
⇐⇒ D(X ± Y ) = D(X) + D(Y )

X, Y �pÕá
6⇐⇒ X, Y Ø�'

ü«~	�/µ

£i¤e(X, Y )Ñl����©Ù§
X, Y �pÕá ⇐⇒ X, Y Ø�'

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

£ii¤�ξ, ηÑ´�kü��U���ÅCþ"Áyeξ�ηØ�
'§Kξ�ηÕá"
Ø��

P(ξ = x0) + P(ξ = x1) = 1, x0 < x1

P(η = y0) + P(η = y1) = 1, y0 < y1

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

£ii¤�ξ, ηÑ´�kü��U���ÅCþ"Áyeξ�ηØ�
'§Kξ�ηÕá"
Ø��

P(ξ = x0) + P(ξ = x1) = 1, x0 < x1

P(η = y0) + P(η = y1) = 1, y0 < y1

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

£ii¤�ξ, ηÑ´�kü��U���ÅCþ"Áyeξ�ηØ�
'§Kξ�ηÕá"
Ø��

P(ξ = x0) + P(ξ = x1) = 1, x0 < x1

P(η = y0) + P(η = y1) = 1, y0 < y1

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

-

ξ̃ =
ξ − x0

x1 − x0
,

η̃ =
η − y0

y1 − y0

Kξ̃, η̃Ñ´��u0Ú1��ÅCþ§y�Iy²§��pÕ
á"dξÚηØ�'�ξ̃Úη̃Ø�'§=

E(ξ̃η̃) = E(ξ̃) · E(η̃)

½=

P(ξ̃ = 1, η̃ = 1) = P(ξ̃ = 1) · P(η̃ = 1)

l


P
(
ξ̃ = 0, η̃ = 1

)
= P (η̃ = 1)− P

(
ξ̃ = 1, η̃ = 1

)
= P(η̃ = 1)

(
1− P(ξ̃ = 1)

)
= P(ξ̃ = 0) · P(η̃ = 1)

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

-

ξ̃ =
ξ − x0

x1 − x0
, η̃ =

η − y0

y1 − y0

Kξ̃, η̃Ñ´��u0Ú1��ÅCþ§y�Iy²§��pÕ
á"dξÚηØ�'�ξ̃Úη̃Ø�'§=

E(ξ̃η̃) = E(ξ̃) · E(η̃)

½=

P(ξ̃ = 1, η̃ = 1) = P(ξ̃ = 1) · P(η̃ = 1)

l


P
(
ξ̃ = 0, η̃ = 1

)
= P (η̃ = 1)− P

(
ξ̃ = 1, η̃ = 1

)
= P(η̃ = 1)

(
1− P(ξ̃ = 1)

)
= P(ξ̃ = 0) · P(η̃ = 1)

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

-

ξ̃ =
ξ − x0

x1 − x0
, η̃ =

η − y0

y1 − y0

Kξ̃, η̃Ñ´��u0Ú1��ÅCþ§y�Iy²§��pÕ
á"

dξÚηØ�'�ξ̃Úη̃Ø�'§=

E(ξ̃η̃) = E(ξ̃) · E(η̃)

½=

P(ξ̃ = 1, η̃ = 1) = P(ξ̃ = 1) · P(η̃ = 1)

l


P
(
ξ̃ = 0, η̃ = 1

)
= P (η̃ = 1)− P

(
ξ̃ = 1, η̃ = 1

)
= P(η̃ = 1)

(
1− P(ξ̃ = 1)

)
= P(ξ̃ = 0) · P(η̃ = 1)

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

-

ξ̃ =
ξ − x0

x1 − x0
, η̃ =

η − y0

y1 − y0

Kξ̃, η̃Ñ´��u0Ú1��ÅCþ§y�Iy²§��pÕ
á"dξÚηØ�'�ξ̃Úη̃Ø�'§

=

E(ξ̃η̃) = E(ξ̃) · E(η̃)

½=

P(ξ̃ = 1, η̃ = 1) = P(ξ̃ = 1) · P(η̃ = 1)

l


P
(
ξ̃ = 0, η̃ = 1

)
= P (η̃ = 1)− P

(
ξ̃ = 1, η̃ = 1

)
= P(η̃ = 1)

(
1− P(ξ̃ = 1)

)
= P(ξ̃ = 0) · P(η̃ = 1)

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

-

ξ̃ =
ξ − x0

x1 − x0
, η̃ =

η − y0

y1 − y0

Kξ̃, η̃Ñ´��u0Ú1��ÅCþ§y�Iy²§��pÕ
á"dξÚηØ�'�ξ̃Úη̃Ø�'§=

E(ξ̃η̃) = E(ξ̃) · E(η̃)

½=

P(ξ̃ = 1, η̃ = 1) = P(ξ̃ = 1) · P(η̃ = 1)

l


P
(
ξ̃ = 0, η̃ = 1

)
= P (η̃ = 1)− P

(
ξ̃ = 1, η̃ = 1

)
= P(η̃ = 1)

(
1− P(ξ̃ = 1)

)
= P(ξ̃ = 0) · P(η̃ = 1)

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

-

ξ̃ =
ξ − x0

x1 − x0
, η̃ =

η − y0

y1 − y0

Kξ̃, η̃Ñ´��u0Ú1��ÅCþ§y�Iy²§��pÕ
á"dξÚηØ�'�ξ̃Úη̃Ø�'§=

E(ξ̃η̃) = E(ξ̃) · E(η̃)

½=

P(ξ̃ = 1, η̃ = 1) = P(ξ̃ = 1) · P(η̃ = 1)

l


P
(
ξ̃ = 0, η̃ = 1

)
= P (η̃ = 1)− P

(
ξ̃ = 1, η̃ = 1

)
=

P(η̃ = 1)
(
1− P(ξ̃ = 1)

)
= P(ξ̃ = 0) · P(η̃ = 1)

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

-

ξ̃ =
ξ − x0

x1 − x0
, η̃ =

η − y0

y1 − y0

Kξ̃, η̃Ñ´��u0Ú1��ÅCþ§y�Iy²§��pÕ
á"dξÚηØ�'�ξ̃Úη̃Ø�'§=

E(ξ̃η̃) = E(ξ̃) · E(η̃)

½=

P(ξ̃ = 1, η̃ = 1) = P(ξ̃ = 1) · P(η̃ = 1)

l


P
(
ξ̃ = 0, η̃ = 1

)
= P (η̃ = 1)− P

(
ξ̃ = 1, η̃ = 1

)
= P(η̃ = 1)

(
1− P(ξ̃ = 1)

)
=

P(ξ̃ = 0) · P(η̃ = 1)

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

-

ξ̃ =
ξ − x0

x1 − x0
, η̃ =

η − y0

y1 − y0

Kξ̃, η̃Ñ´��u0Ú1��ÅCþ§y�Iy²§��pÕ
á"dξÚηØ�'�ξ̃Úη̃Ø�'§=

E(ξ̃η̃) = E(ξ̃) · E(η̃)

½=

P(ξ̃ = 1, η̃ = 1) = P(ξ̃ = 1) · P(η̃ = 1)

l


P
(
ξ̃ = 0, η̃ = 1

)
= P (η̃ = 1)− P

(
ξ̃ = 1, η̃ = 1

)
= P(η̃ = 1)

(
1− P(ξ̃ = 1)

)
= P(ξ̃ = 0) · P(η̃ = 1)

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

-

ξ̃ =
ξ − x0

x1 − x0
, η̃ =

η − y0

y1 − y0

Kξ̃, η̃Ñ´��u0Ú1��ÅCþ§y�Iy²§��pÕ
á"dξÚηØ�'�ξ̃Úη̃Ø�'§=

E(ξ̃η̃) = E(ξ̃) · E(η̃)

½=

P(ξ̃ = 1, η̃ = 1) = P(ξ̃ = 1) · P(η̃ = 1)

l


P
(
ξ̃ = 0, η̃ = 1

)
= P (η̃ = 1)− P

(
ξ̃ = 1, η̃ = 1

)
= P(η̃ = 1)

(
1− P(ξ̃ = 1)

)
= P(ξ̃ = 0) · P(η̃ = 1)

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

aq/§

P
(
ξ̃ = 1, η̃ = 0

)
= P

(
ξ̃ = 1

)
− P

(
ξ̃ = 1, η̃ = 1

)
= P

(
ξ̃ = 1

)
· P (η̃ = 0)

P
(
ξ̃ = 0, η̃ = 0

)
= P

(
ξ̃ = 0

)
− P

(
ξ̃ = 0, η̃ = 1

)
= P(ξ̃ = 0) · P(η̃ = 0)

¤±ξ̃�η̃�pÕá§l
ξ�η�pÕá"

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

aq/§

P
(
ξ̃ = 1, η̃ = 0

)
= P

(
ξ̃ = 1

)
− P

(
ξ̃ = 1, η̃ = 1

)
= P

(
ξ̃ = 1

)
· P (η̃ = 0)

P
(
ξ̃ = 0, η̃ = 0

)
= P

(
ξ̃ = 0

)
− P

(
ξ̃ = 0, η̃ = 1

)
= P(ξ̃ = 0) · P(η̃ = 0)

¤±ξ̃�η̃�pÕá§l
ξ�η�pÕá"

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

aq/§

P
(
ξ̃ = 1, η̃ = 0

)
= P

(
ξ̃ = 1

)
− P

(
ξ̃ = 1, η̃ = 1

)
= P

(
ξ̃ = 1

)
· P (η̃ = 0)

P
(
ξ̃ = 0, η̃ = 0

)
= P

(
ξ̃ = 0

)
− P

(
ξ̃ = 0, η̃ = 1

)
= P(ξ̃ = 0) · P(η̃ = 0)

¤±ξ̃�η̃�pÕá§l
ξ�η�pÕá"

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

g�Kµ��ÅCþξ ∼ N (0, 1)§Áy²ξ�ξ2Ø�'§�´Ø

Õá"

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

§4.3 ^�êÆÏ"

½Â1: lÑ.�ÅCþY'u�½¯�A�^�êÆÏ"µ

E[Y |A] =
∑

y

yP (Y = y | A)

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.3.1

�þ!M14g§YL«Ñ�¡�gê§A = {Y ≤ 2}.
)µ

p{Y = y} =

(
4
y

)
2−4 =

(
4
y

)
/16 (0 ≤ y ≤ 4)

⇒ P{Y ≤ 2} = (1 + 4 + 6)/16 = 11/16

⇒ P{Y = y | Y ≤ 2} =
(

4
y

)
/11 (0 ≤ y ≤ 2)

E(Y | Y ≤ 2) =
2∑

y=0

y

(
4
y

)
/11 = 16/11

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.3.1

�þ!M14g§YL«Ñ�¡�gê§A = {Y ≤ 2}.
)µ

p{Y = y} =
(

4
y

)
2−4 =

(
4
y

)
/16 (0 ≤ y ≤ 4)

⇒ P{Y ≤ 2} =

(1 + 4 + 6)/16 = 11/16

⇒ P{Y = y | Y ≤ 2} =
(

4
y

)
/11 (0 ≤ y ≤ 2)

E(Y | Y ≤ 2) =
2∑

y=0

y

(
4
y

)
/11 = 16/11

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.3.1

�þ!M14g§YL«Ñ�¡�gê§A = {Y ≤ 2}.
)µ

p{Y = y} =
(

4
y

)
2−4 =

(
4
y

)
/16 (0 ≤ y ≤ 4)

⇒ P{Y ≤ 2} = (1 + 4 + 6)/16 = 11/16

⇒ P{Y = y | Y ≤ 2} =

(
4
y

)
/11 (0 ≤ y ≤ 2)

E(Y | Y ≤ 2) =
2∑

y=0

y

(
4
y

)
/11 = 16/11

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.3.1

�þ!M14g§YL«Ñ�¡�gê§A = {Y ≤ 2}.
)µ

p{Y = y} =
(

4
y

)
2−4 =

(
4
y

)
/16 (0 ≤ y ≤ 4)

⇒ P{Y ≤ 2} = (1 + 4 + 6)/16 = 11/16

⇒ P{Y = y | Y ≤ 2} =
(

4
y

)
/11 (0 ≤ y ≤ 2)

E(Y | Y ≤ 2) =
2∑

y=0

y

(
4
y

)
/11 = 16/11

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.3.1

�þ!M14g§YL«Ñ�¡�gê§A = {Y ≤ 2}.
)µ

p{Y = y} =
(

4
y

)
2−4 =

(
4
y

)
/16 (0 ≤ y ≤ 4)

⇒ P{Y ≤ 2} = (1 + 4 + 6)/16 = 11/16

⇒ P{Y = y | Y ≤ 2} =
(

4
y

)
/11 (0 ≤ y ≤ 2)

E(Y | Y ≤ 2) =

2∑
y=0

y

(
4
y

)
/11 = 16/11

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

~4.3.1

�þ!M14g§YL«Ñ�¡�gê§A = {Y ≤ 2}.
)µ

p{Y = y} =
(

4
y

)
2−4 =

(
4
y

)
/16 (0 ≤ y ≤ 4)

⇒ P{Y ≤ 2} = (1 + 4 + 6)/16 = 11/16

⇒ P{Y = y | Y ≤ 2} =
(

4
y

)
/11 (0 ≤ y ≤ 2)

E(Y | Y ≤ 2) =
2∑

y=0

y

(
4
y

)
/11 = 16/11

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

5�

£i¤E[X + Y | A] = E[X | A] + E[Y | A]

£ii¤A1, A2, . . .´���m���©�§K

EY =
∑

k

E[X | Ak]P (Ak)

y²µ

E(Y ) =
∑

y

yP{Y = y}

=
∑

y

(∑
k

P{Y = y | Ak}P{Ak}
)

=
∑

k

(∑
y

yP{Y = y | Ak}
)

P{Ak} =
∑

k

E(Y | Ak)P{Ak}

Ü # ) VÇØÄ:
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5�

£i¤E[X + Y | A] = E[X | A] + E[Y | A]
£ii¤A1, A2, . . .´���m���©�§K

EY =
∑

k

E[X | Ak]P (Ak)

y²µ

E(Y ) =

∑
y

yP{Y = y}

=
∑

y

(∑
k

P{Y = y | Ak}P{Ak}
)

=
∑

k

(∑
y

yP{Y = y | Ak}
)
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∑

k
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EY =
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k

E[X | Ak]P (Ak)
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E(Y ) =
∑

y

yP{Y = y}

=

∑
y

(∑
k

P{Y = y | Ak}P{Ak}
)

=
∑

k

(∑
y
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)

P{Ak} =
∑

k

E(Y | Ak)P{Ak}
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£i¤E[X + Y | A] = E[X | A] + E[Y | A]
£ii¤A1, A2, . . .´���m���©�§K

EY =
∑

k

E[X | Ak]P (Ak)
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E(Y ) =
∑

y

yP{Y = y}

=
∑

y

(∑
k

P{Y = y | Ak}P{Ak}
)
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∑
k

(∑
y
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)

P{Ak} =
∑

k

E(Y | Ak)P{Ak}
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5�

£i¤E[X + Y | A] = E[X | A] + E[Y | A]
£ii¤A1, A2, . . .´���m���©�§K

EY =
∑

k

E[X | Ak]P (Ak)

y²µ

E(Y ) =
∑

y

yP{Y = y}

=
∑

y

(∑
k

P{Y = y | Ak}P{Ak}
)

=
∑
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y

yP{Y = y | Ak}
)
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∑

k
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½Â2

�ÅCþY'u�½¯�X = x�^�êÆÏ"
£i¤(X, Y )´lÑ.�ÅCþ

E[Y | X = x] =
∑

y

yP (Y = y | X = x)

£ii¤(X, Y )´ëY.�ÅCþ

E[Y | X = x] =
∫
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�ÅCþY'u�½¯�X = x�^�êÆÏ"
£i¤(X, Y )´lÑ.�ÅCþ

E[Y | X = x] =
∑

y
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£ii¤(X, Y )´ëY.�ÅCþ

E[Y | X = x] =
∫

yfy|x(y | x)dy
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½Â3

�ÅCþY'u�½�ÅCþX�^�êÆÏ"

E[Y | X] = g(X)

Ù¥g(x) = E[Y | X = x]

�Ï"úªµ

EY = E{E[Y | X]}

EX = E{E[X | Y ]}
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½Â3

�ÅCþY'u�½�ÅCþX�^�êÆÏ"

E[Y | X] = g(X)
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�Ï"úªµ

EY = E{E[Y | X]}

EX = E{E[X | Y ]}
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y²(1)

k�ÄlÑ.��/§

E[E(Y | X)] =

E[g(X)]

=
∑

x

g(x)P{X = x}

=
∑

x

E(Y | X = x)P{X = x}

=
∑

x

[∑
y
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∑
x
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x
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x

[∑
y
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∑

x
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∑
x
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x
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∑

x
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∑

x
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x
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=
∑

x
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x
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x
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=

∑
x

∑
y

yP{Y = y, X = x}

=
∑

y

y
∑

x

P{Y = y, X = x}

=
∑

y

yP{Y = y} = E(Y )
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=
∑

x

∑
y

yP{Y = y, X = x}

=

∑
y

y
∑

x
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=
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=
∑

x

∑
y

yP{Y = y, X = x}

=
∑

y

y
∑

x
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∑
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=
∑

x

∑
y

yP{Y = y, X = x}

=
∑

y

y
∑

x

P{Y = y, X = x}

=
∑

y

yP{Y = y} = E(Y )
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y²(2)

2yëY.

E[E[X | Y ]] =

∫ ∞

−∞
E[X | Y = y]fY (y)dy

=
∫ ∞

−∞

∫ ∞

−∞
xfX|Y (x, y)dxfY (y)dy

=
∫ ∞

−∞

∫ ∞

−∞
x

f(x, y)
fY (y)

fY (y)dxdy
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y²(2)

2yëY.

E[E[X | Y ]] =
∫ ∞

−∞
E[X | Y = y]fY (y)dy

=

∫ ∞

−∞

∫ ∞

−∞
xfX|Y (x, y)dxfY (y)dy

=
∫ ∞

−∞

∫ ∞

−∞
x

f(x, y)
fY (y)
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y²(2)

2yëY.

E[E[X | Y ]] =
∫ ∞

−∞
E[X | Y = y]fY (y)dy

=
∫ ∞

−∞

∫ ∞

−∞
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∫ ∞

−∞

∫ ∞

−∞
x

f(x, y)
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Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

y²(2)

2yëY.

E[E[X | Y ]] =
∫ ∞

−∞
E[X | Y = y]fY (y)dy

=
∫ ∞

−∞

∫ ∞

−∞
xfX|Y (x, y)dxfY (y)dy

=
∫ ∞

−∞

∫ ∞

−∞
x

f(x, y)
fY (y)

fY (y)dxdy
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=

∫ ∞

−∞

∫ ∞

−∞
xf(x, y)dxdy

=
∫ ∞

−∞
x

∫ ∞

−∞
f(x, y)dydx

=
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−∞
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= E[X].
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=
∫ ∞
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xf(x, y)dxdy

=
∫ ∞

−∞
x

∫ ∞

−∞
f(x, y)dydx
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∫ ∞

−∞
xfX(x)dx

= E[X].
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nnn���������MMM¯̄̄KKK ��M�'3k3���/O¥§Ù¥11��
Ï�gd§Ñù���r3���B£�/¡¶

12��Ï���
/�§3d/�¥r5���ò�£/O¶13��Ï�����
�/�§÷ù�/�r7����£�/O"XJ�MzgÀ
J3���U5o��§¦¦�¼gd
�r�²þ�m�"
��MIrξ�����/¡§¿�η�L�Mz1�gé3 ��
�ÀJ§KP(η = i) = 1/3§i = 1, 2, 3"$^�Ï"úª

E(ξ) = E
(
E(ξ|η)

)
=

3∑
i=1

E(ξ|η = i)P(η = i)

=
1
3

(
3 +

(
5 + E(ξ)

)
+

(
7 + E(ξ)

))
)�§�E(ξ) = 15"=²þ5`§�Mò315���¼�g
d"
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�/�§÷ù�/�r7����£�/O"XJ�MzgÀ
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=
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(
5 + E(ξ)

)
+

(
7 + E(ξ)

))
)�§�E(ξ) = 15"=²þ5`§�Mò315���¼�g
d"

Ü # ) VÇØÄ:



êiA��A�¼ê êÆÏ" �ÅCþ����IO� ^�êÆÏ"

nnn���������MMM¯̄̄KKK ��M�'3k3���/O¥§Ù¥11��
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XJ�MzgÀ
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=
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3 +
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=
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3 +
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5 + E(ξ)

)
+

(
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/�§3d/�¥r5���ò�£/O¶13��Ï�����
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E(ξ) = E
(
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=
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3 +
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=
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=
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3 +
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=
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=
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3

(
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(
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nnn���������MMM¯̄̄KKK ��M�'3k3���/O¥§Ù¥11��
Ï�gd§Ñù���r3���B£�/¡¶12��Ï���
/�§3d/�¥r5���ò�£/O¶13��Ï�����
�/�§÷ù�/�r7����£�/O"XJ�MzgÀ
J3���U5o��§¦¦�¼gd
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�ÀJ§KP(η = i) = 1/3§i = 1, 2, 3"$^�Ï"úª

E(ξ) = E
(
E(ξ|η)
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=

3∑
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E(ξ|η = i)P(η = i)

=
1
3

(
3 +

(
5 + E(ξ)
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+

(
7 + E(ξ)

))
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§4.4 �ÅCþ©Ù�C�

•VÇ1¼ê£Probability Generating Function ¤

•Ý1¼ê£Moment Generating Function ¤

•A�¼ê£Characteristic Function¤

�^µ

4 �òòÈ$�z¤¦{$�¶
4 �ò¦��Ý�È©$�z¤�©$�¶
4 �ò¦�ÅCþS��4�©Ùz¤���¼ê4�¯K¶
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§4.4 �ÅCþ©Ù�C�

•VÇ1¼ê£Probability Generating Function ¤

•Ý1¼ê£Moment Generating Function ¤

•A�¼ê£Characteristic Function¤

�^µ

4 �òòÈ$�z¤¦{$�¶
4 �ò¦��Ý�È©$�z¤�©$�¶
4 �ò¦�ÅCþS��4�©Ùz¤���¼ê4�¯K¶

Ü # ) VÇØÄ:
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§4.4 �ÅCþ©Ù�C�

•VÇ1¼ê£Probability Generating Function ¤

•Ý1¼ê£Moment Generating Function ¤

•A�¼ê£Characteristic Function¤

�^µ

4 �òòÈ$�z¤¦{$�¶
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§4.4 �ÅCþ©Ù�C�

•VÇ1¼ê£Probability Generating Function ¤

•Ý1¼ê£Moment Generating Function ¤

•A�¼ê£Characteristic Function¤

�^µ

4 �òòÈ$�z¤¦{$�¶
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§4.4 �ÅCþ©Ù�C�

•VÇ1¼ê£Probability Generating Function ¤

•Ý1¼ê£Moment Generating Function ¤

•A�¼ê£Characteristic Function¤

�^µ

4 �òòÈ$�z¤¦{$�¶
4 �ò¦��Ý�È©$�z¤�©$�¶
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pks
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VÇ1¼ê�©Ù���éA

£1¤ ©Ù���û½VÇ1¼ê

£2¤ VÇ1¼ê��û½©Ù�§=e

GX(s) = GY (s), ∀s ∈ [−1, 1]

K

P (X = k) = P (Y = k), k = 0, 1, . . .
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�
­�©Ù�VÇ1¼ê

Poisson©Ùµpk = λke−λ

k! , k = 0, 1, 2, . . .

φ(s) =

E(sξ) =
∞∑

k=0

sk λke−λ

k!

=
∞∑

k=0

(sλ)ke−λ−λs+λs

k!

= eλs−λ
∞∑

k=0

(λs)ke−λs

k!

= eλ(s−1)
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�
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AÛ©Ù

pk = p(1− p)k, k = 0, . . .

φ(s) = E(sξ) =
∞∑

k=0

sk(1− p)kp

=
∞∑

k=0

p[s(1− p)]k

=
p

1− s(1− p)
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VÇ1¼ê��ÅCþ�Ý

G
(r)
X (1) = E[X(X − 1) . . . (X − r + 1)]

G′
X(1) = E(X)

V ar(X) = G
(2)
X (1)− [G(1)

X (1)]2 + G
(1)
X (1)

y²:

G
(r)
X (s) =

dr

dsr
[GX(s)]

=
dr

dsr

[∑
k

pks
k

]
=

∑
k

pkk(k − 1) . . . (k − r + 1)sk−r
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Õá�ÅCþÚ�1¼ê

�X, Y´�pÕá��ÅCþ§K

GX+Y (s) = GX(s)GY (s)

y²:
GZ(s) = E(sZ) = E(SX+Y )

= E(sX)E(sY ) (5)

= GX(s)GY (s)

Xµ

GX1+X2+···+Xn(s) = GX1(s) . . . GXn(s)

Ù¥X1, . . . , Xn´�pÕá��ÅCþ
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Õá�ÅCþ��ÅÚ�1¼ê

�N , X1, . . . , Xn . . .´�pÕá����K�ê���ÅCþ
S�§�X1, . . . , Xnk�Ó�©Ù§-µ

SN = X1 + · · ·+ XN

Kµ

GSN
=

GN (GX(s))

E(SN ) = E(N)E(X)

V ar(SN ) = E(N)V ar(X) + V ar(N)[E(X)]2
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y²

y²µ

GSN
(s) = E(sSN )

=

∞∑
n=0

E(sSN | N = n)P (N = n)

=
∞∑

n=0

E(sSnP (N = n)

=
∞∑

n=0

GX1+···+Xn(s)P (N = n)

=
∞∑

n=0

[GX(s)]nP (N = n)

= GN (GX(s))
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y²£Y¤

kyµ

E(SN ) = E(N)E(X)

¯¢þ
d

ds
[GSN

(s)] =
d

ds
[GN (GX(s))]

=
dGN (u)

du

du

ds

Ù¥u = GX(s)

E(SN ) =
d

ds
[GSN

(s)]|s=1 = [G(1)
N (1)][G(1)

X (1)] = E(N)E(X)

u = GX(1) = 1
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VÇ1¼ê���A^

�5��f§¦¤�oÚ�15�VÇ"
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~4.4.1

£Possion/¤��1/�N�/�§N´ëê�λ�Poisson©
Ù§z�/�±VÇ�p�ÈzÑ���/§�ØÓ/�ÈÑ�
/´�pÕá�"¦ÈzÑ�/ê�©Ù"

�ZL«ÈzÑ�/�ê8§

Z = X1 + · · ·+ XN K

GN (s) = eλ(s−1), GX(s) = q + ps

GZ(s) = GN (GX(s)) = eλp(s−1)

¤±Z ∼ Poisson(λp)
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Poisson©Ù�2)5

Xi ∼ P (λi)�pÕá§K

n∑
i=1

Xi ∼ P (
n∑

i=1

λi)

GXi(s) = eλi(s−1)

GX1+X2+···+Xn(s) =
n∏

i=1

eλi(s−1)

= e(λ1+λ2+···+λn)(s−1)
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Ý1¼ê£Moment Generating Functions¤

½Â:

Ý1¼ê�©Ùm���éA

��5½nµXJ§MX(θ) = MY (θ) < ∞3θ�,�«mþ¤
á§K�ÅCþX�YÓ©Ù"
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Ý1¼ê��ÅCþX���Ý

5¿�µ
dr

dθr
{MX(θ)} =

dr

dθr
{E(eθX)}

= E

{
dr

dθr
(eθX)

}

= E(XreθX)

u´µ [
dr

dθr
{MX(θ)}

]
θ=0

= E(Xr)
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5�1

5�1µ

Ma+bX(θ) = E(eθ(a+bX)) = eaθMX(bθ)

~µZ ∼ N(0, 1) Kµ
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~4.4.2(y²)

u´µ

MV (θ) =

(1− 2θ)−
1
2 (1− 2θ)−

1
2 . . . (1− 2θ)−

1
2

= (1− 2θ)−
n
2 , 0 < θ <

1
2

,��¡§χ2
n��Ý¼ê�

1
2

n
2 Γ(n

2 )
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n
2
−1e−

1
2
w, w ≥ 0
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~4.4.2(y²)
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∫ ∞
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1
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∫ ∞
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∫ ∞
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õ�Ý1¼ê

½Âµ

MX,Y (θ1, θ2) =

E(eθ1X+θ2Y )

5�1: [
∂r+sMX,Y (θ1, θ2)

∂θr
1∂θs

2

]
θ1=θ2=0

= E(XrY s)

5�2:

MaX+bY (θ) = E
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e(aX+bY )θ
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e(aθ)X+(bθ)Y
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= MX,Y (aθ, bθ)
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~4.4.3

(U, V ) ∼ N(0, 0; 1, 1; ρ)

MU,V (θ1, θ2) = E(eθ1U+θ2V )

=
∫ ∞

−∞

∫ ∞

−∞
eθ1u+θ2v 1

2π
√

1− ρ2
exp

{
− 1

2(1− ρ2)
[u2−2ρuv+v2]

}
dudv

= exp{1
2
(θ2

1 + 2ρθ1θ2 + θ2
2)}

-µX = µx + σxU ,Y = µy + σyV
Kµ

(U, V ) ∼ N(0, 0; 1, 1; ρ) ⇐⇒ (X, Y ) ∼ N(µx, µy;σ2
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EêES

(1) î.úªµeitx = cos(tx) + i sin(tx)

(2) Eê��Ýµa + bi = a− bi

(3) Eê��: | a + bi |=
√

a2 + b2

�3¢êθ§¦�Eêz�n�L«ª
�z = |z|eiθ , |z| (cos(θ) + i sin(θ)) , ¡θ�Eêz�ËËË���"
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E��ÅCþ
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E(ζ) ,

E(ξ) + iE(η)
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A�¼ê

½Â: �X ´��ÅCþ§¡

ϕ(t) = E{exp(itX)}

�X�A�¼ê. i =
√
−1´Jêü .

(1)�X�lÑ�ÅCþ�,

ϕ(t) =
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k=1

eitxkpk

=µ

ϕ(t) =
∑

k

cos(txk)pk + i
∑

k

sin(txk)pk
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(

0 1
q p
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§η ∼ P (λ)§ζ ∼ G(p)§¦§��A�¼ê"
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eitk λk

k!
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1− qeit
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(1) éuEêzk
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k=0

zk =
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1− z
, |z| < 1
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zk
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= ez
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