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�(Ω,F , P)�VÇ�m§ξ = ξ(ω)�½Â3Ωþ�¢¼ê"eé
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{ω ∈ Ω : ξ(ω) < x} ∈ F
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�ÅCþξ(ω)´��:ω�¼ê,Ù½Â��Ω,Ù��
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w,§∀x1 < x2k

{ξ < x1} ⊂ {ξ < x2}

dVÇ�üN5�©Ù¼ê�üN5"Ùg§∀xn ↑ x0k

{ξ < xn} ↑
⋃
n

{ξ < xn} = {ξ < x0}

dVÇ�eëY5�

lim
n→∞

F (xn) = F (x0)

=�ëY5"

��d{ξ < −n} ↓ ∅§{ξ < n} ↑ ΩÚVÇ�þeëY5�©O�

lim
n→∞

F (−n) = 0, lim
n→∞

F (n) = 1

2d©Ù¼ê�üN5�5�5"
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P (ξ = x) = F (x + 0)− F (x)

P (ξ ≤ x) = F (x + 0)

P (ξ > x) = 1− F (x + 0)
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£a¤A�:e�ÅCþX �U����ê�k��½���§
K¡X �lÑ�ÅCþ.
£b¤©Ù�
�lÑ�ÅCþX ��U���µ

x1, x2, . . . . . . , xn, . . . . . .

¡pi = P (X = xi), i = 1, 2, . . . . . .�X �©Ù�
©Ù���^L�/ªL«:
X x1 x2 . . . xn . . .

P p1 p2 . . . pn . . .
©Ù¼êµ

F (x) =
∑

k:xk<x

pk, ∀x ∈ R
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(1) pi ≥ 0, (�K5)

(2)
∑

i pi = 1. (�K5)

���ÅCþ=£ã
��VÇ�m

¦lÑ�ÅCþ�©Ù�A5¿:

4 (½�ÅCþ�¤k�U��;

4 O�z���:�VÇ.
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x1x 2x4x5x

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

©Ù��©Ù¼ê�ã«

( )xF

1

x1x3x 4x5x 2x

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

©Ù��©Ù¼ê�ã«

F(x)´4O��F¼ê;

Ùmä:þ��ëY�;

Ùmä:=�X��U��:;

Ùmä:�a�pÝ´éA�VÇ�.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

©Ù��©Ù¼ê�ã«

F(x)´4O��F¼ê;

Ùmä:þ��ëY�;

Ùmä:=�X��U��:;

Ùmä:�a�pÝ´éA�VÇ�.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

©Ù��©Ù¼ê�ã«

F(x)´4O��F¼ê;

Ùmä:þ��ëY�;

Ùmä:=�X��U��:;

Ùmä:�a�pÝ´éA�VÇ�.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

©Ù��©Ù¼ê�ã«

F(x)´4O��F¼ê;

Ùmä:þ��ëY�;

Ùmä:=�X��U��:;

Ùmä:�a�pÝ´éA�VÇ�.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

©Ù��©Ù¼ê�ã«

F(x)´4O��F¼ê;

Ùmä:þ��ëY�;

Ùmä:=�X��U��:;

Ùmä:�a�pÝ´éA�VÇ�.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.1.1

®�X �©Ù�Xeµ
X 0 1 2

P 1/3 1/6 1/2
¦X �©Ù¼ê.

)µ

F (x) =


0, x < 0
1/3, 0 ≤ x < 1
1/2, 1 ≤ x < 2
1, 2 ≤ x
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��qØþ!�M1§Ñy�¡�VÇ�p(0 < p < 1)§�X�
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n Õá�Ëã|Á�

��©Ù

P� X ∼ B(n, p).

X�nËãpÁ�¥/¤õ0�gê,

P (X = k) =
(

n

k

)
pk(1− p)n−k, k = 0, 1, . . . , n.

�n = 1�§¡b(1, p) �0− 1©Ù
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3Äu�¬�§Ä�
200��¬§u�(JuyÙ¥k4�´¢
¬§¯UÄ�&T��¬¢¬ÇØ�L0.005
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):

b�T��¬�¢¬Ç�0.005§N´��200�¥Ñy4�¢¬
�VÇ�

C4
200 × 0.0054 × (1− 0.005)196 ' 0.015

�â<��Ï¢�o(Ñ��^�nµVÇé��¯�3�gÁ

�¥¢SþA�´Ø�Uu)�§y3§�±@��¢¬Ç

�0.005�§Äu200��¬Ñy4�¢¬´�VÇé��¯�§
§3�gÁ�¥Òu)
§Ïdknd~¦b½��(5§=

ó��¬¢¬ÇØ�L0.005Ø�&"

Ì�g�µVÇ�y{
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eP (X = k) ≥ P (X = j), j = 1, 2, · · ·������§K¡k�
��UÑy�gê

Ppk = P (X = k) =
(
n
k

)
pk(1− p)n−k, k = 0, 1, . . . . . . , n.

pk−1

pk
= (1−p)k

p(n−k−1) ≤ 1
pk

pk+1
= (1−p)(k+1)

p(n−k) ≥ 1
}

=⇒ (n + 1)p− 1 ≤ k ≤ (n + 1)p

�(n + 1)p =�ê�,3k = (n + 1)p�(n + 1)p− 1?�VÇ
�����¶

�(n + 1)p 6=�ê�, 3k = [(n + 1)p]?�VÇ����
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pk−1

pk
= (1−p)k

p(n−k−1) ≤ 1
pk

pk+1
= (1−p)(k+1)
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n
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pk
= (1−p)k

p(n−k−1) ≤ 1
pk

pk+1
= (1−p)(k+1)

p(n−k) ≥ 1
}

=⇒ (n + 1)p− 1 ≤ k ≤ (n + 1)p
�(n + 1)p =�ê�,3k = (n + 1)p�(n + 1)p− 1?�VÇ
�����¶

�(n + 1)p 6=�ê�, 3k = [(n + 1)p]?�VÇ����
�"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

AÛ©Ù

P (X = k) = (1− p)k−1p k = 1, 2, . . . . . .

P�X ∼ Ge(p)

X �ÕáE�ËãpÁ�¥§/Äg¤õ0��Á�g
ê.

AÛ©ÙäkÃPÁ5§=:

P (X > n + m | X > m) = P (X > n)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

AÛ©Ù

P (X = k) = (1− p)k−1p k = 1, 2, . . . . . .

P�X ∼ Ge(p)
X �ÕáE�ËãpÁ�¥§/Äg¤õ0��Á�g
ê.

AÛ©ÙäkÃPÁ5§=:

P (X > n + m | X > m) = P (X > n)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

AÛ©Ù

P (X = k) = (1− p)k−1p k = 1, 2, . . . . . .

P�X ∼ Ge(p)
X �ÕáE�ËãpÁ�¥§/Äg¤õ0��Á�g
ê.

AÛ©ÙäkÃPÁ5§=:

P (X > n + m | X > m) = P (X > n)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

AÛ©Ù�ÃPÁ5

(1)XJXÑlëê�p�AÛ©Ù§Kµ

P (X > n + m | X > m) = P (X > n);

(2)�X´���ê���ÅCþ§XJé?¿���êm,nk

P (X > n + m | X > m) = P (X > n)

KXÑlAÛ©Ù"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

AÛ©Ù�ÃPÁ5

(1)XJXÑlëê�p�AÛ©Ù§Kµ

P (X > n + m | X > m) = P (X > n);

(2)�X´���ê���ÅCþ§XJé?¿���êm,nk

P (X > n + m | X > m) = P (X > n)

KXÑlAÛ©Ù"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

y²AÛ©Ù�ÃPÁ5

£i¤ky£1¤"�ξ ∼ G(p) §K

P(ξ > m + n|ξ > m)

= P(ξ>n+m,ξ>m)
P(ξ>m)

= P(ξ>n+m)
P(ξ>m)

= qn+m

qm =
∑∞

k=n+1 qk−1p

= P(ξ > n), ∀m,n ≥ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

y²AÛ©Ù�ÃPÁ5

£i¤ky£1¤"�ξ ∼ G(p) §K

P(ξ > m + n|ξ > m)

= P(ξ>n+m,ξ>m)
P(ξ>m)

= P(ξ>n+m)
P(ξ>m)

= qn+m

qm =
∑∞

k=n+1 qk−1p

= P(ξ > n), ∀m,n ≥ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

y²AÛ©Ù�ÃPÁ5

£i¤ky£1¤"�ξ ∼ G(p) §K

P(ξ > m + n|ξ > m)

= P(ξ>n+m,ξ>m)
P(ξ>m)

= P(ξ>n+m)
P(ξ>m)

= qn+m

qm =
∑∞

k=n+1 qk−1p

= P(ξ > n), ∀m,n ≥ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

y²AÛ©Ù�ÃPÁ5

£i¤ky£1¤"�ξ ∼ G(p) §K

P(ξ > m + n|ξ > m)

= P(ξ>n+m,ξ>m)
P(ξ>m)

= P(ξ>n+m)
P(ξ>m)

= qn+m

qm =
∑∞

k=n+1 qk−1p

= P(ξ > n), ∀m,n ≥ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

y²AÛ©Ù�ÃPÁ5

£i¤ky£1¤"�ξ ∼ G(p) §K

P(ξ > m + n|ξ > m)

= P(ξ>n+m,ξ>m)
P(ξ>m)

= P(ξ>n+m)
P(ξ>m)

= qn+m

qm =
∑∞

k=n+1 qk−1p

= P(ξ > n), ∀m,n ≥ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

£ii¤2y£2¤§�ξäkÃPÁ5§P

qn , P(ξ > n), n ≥ 1

d¦{úª�µéu?Û��êmÚnk

qn+m

= P(ξ > n + m)

= P(ξ > n + m, ξ > m)

= P(ξ > m)P(ξ > n + m|ξ > m)

= P(ξ > m)P(ξ > n) = qnqm

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

£ii¤2y£2¤§�ξäkÃPÁ5§P

qn , P(ξ > n), n ≥ 1

d¦{úª�µéu?Û��êmÚnk

qn+m

= P(ξ > n + m)

= P(ξ > n + m, ξ > m)

= P(ξ > m)P(ξ > n + m|ξ > m)

= P(ξ > m)P(ξ > n) = qnqm

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

£ii¤2y£2¤§�ξäkÃPÁ5§P

qn , P(ξ > n), n ≥ 1

d¦{úª�µéu?Û��êmÚnk

qn+m

= P(ξ > n + m)

= P(ξ > n + m, ξ > m)

= P(ξ > m)P(ξ > n + m|ξ > m)

= P(ξ > m)P(ξ > n) = qnqm

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

£ii¤2y£2¤§�ξäkÃPÁ5§P

qn , P(ξ > n), n ≥ 1

d¦{úª�µéu?Û��êmÚnk

qn+m

= P(ξ > n + m)

= P(ξ > n + m, ξ > m)

= P(ξ > m)P(ξ > n + m|ξ > m)

= P(ξ > m)P(ξ > n) =

qnqm

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

£ii¤2y£2¤§�ξäkÃPÁ5§P

qn , P(ξ > n), n ≥ 1

d¦{úª�µéu?Û��êmÚnk

qn+m

= P(ξ > n + m)

= P(ξ > n + m, ξ > m)

= P(ξ > m)P(ξ > n + m|ξ > m)

= P(ξ > m)P(ξ > n) = qnqm

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

l

qn = (q1)
n , ∀n ≥ 1

5¿�ξ���ê§w,§0 < q1 < 1"Pq , q1§p = 1− q§K

P(ξ = k)

= qk−1 − qk = qk−1 − qk

= qk−1(1− q) = g(k; p), k ≥ 2

P(ξ = 1) = 1−
∞∑

k=2

g(k; p) = 1− (1− q)q
(1− q)

= g(1; p)

=ξ ∼ G(p)"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

l

qn = (q1)
n , ∀n ≥ 1

5¿�ξ���ê§w,§0 < q1 < 1"Pq , q1§p = 1− q§K

P(ξ = k)

= qk−1 − qk = qk−1 − qk

= qk−1(1− q) = g(k; p), k ≥ 2

P(ξ = 1) = 1−
∞∑

k=2

g(k; p) = 1− (1− q)q
(1− q)

= g(1; p)

=ξ ∼ G(p)"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.1.4

�r	/�Ó��²¥�k�rU
�m�"y?¿��Ám§

Áé(1)�£¶(2)Ø�£�«�/§¦¯
�E = {�õÁ3g�m�} �VÇ"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)~3.1.4

(1)^ξL«Ägm�����m§

Kξ ∼ G (0.1)§l

P(E)

= P(ξ ≤ 3)

= g(1; 0.1) + g(2; 0.1) + g(3; 0.1) = 0.271

(2)ù´�;V.§

P(E) = 1− P(Ē) = 1− 9 · 8 · 7
10 · 9 · 8

= 0.3

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)~3.1.4

(1)^ξL«Ägm�����m§Kξ ∼ G (0.1)§l

P(E)

= P(ξ ≤ 3)

= g(1; 0.1) + g(2; 0.1) + g(3; 0.1) = 0.271

(2)ù´�;V.§

P(E) = 1− P(Ē) = 1− 9 · 8 · 7
10 · 9 · 8

= 0.3

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)~3.1.4

(1)^ξL«Ägm�����m§Kξ ∼ G (0.1)§l

P(E)

= P(ξ ≤ 3)

= g(1; 0.1) + g(2; 0.1) + g(3; 0.1) = 0.271

(2)ù´�;V.§

P(E) =

1− P(Ē) = 1− 9 · 8 · 7
10 · 9 · 8

= 0.3

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)~3.1.4

(1)^ξL«Ägm�����m§Kξ ∼ G (0.1)§l

P(E)

= P(ξ ≤ 3)

= g(1; 0.1) + g(2; 0.1) + g(3; 0.1) = 0.271

(2)ù´�;V.§

P(E) = 1− P(Ē) = 1− 9 · 8 · 7
10 · 9 · 8

= 0.3

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

K��©Ù(ndk©Ù)

P (X = k) =
(

k − 1
r − 1

)
(1− p)k−rpr, k = r, r + 1, . . . . . .

P�:X ∼ Nb(r, p).

X L«ÕáE�ËãpÁ�¥§/1r g¤õ0��Á�g
ê¶¯¢þ

f(k; r, p) , P(ξr = k)

= P
(
{ck − 1gÁ�¥kr − 1g¤õ}

∩{1kgÁ�¤õ}
)

= b(r − 1; k − 1, p)p =
(
k−1
r−1

)
prqk−r, k ≥ r

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

K��©Ù(ndk©Ù)

P (X = k) =
(

k − 1
r − 1

)
(1− p)k−rpr, k = r, r + 1, . . . . . .

P�:X ∼ Nb(r, p).

X L«ÕáE�ËãpÁ�¥§/1r g¤õ0��Á�g
ê¶

¯¢þ

f(k; r, p) , P(ξr = k)

= P
(
{ck − 1gÁ�¥kr − 1g¤õ}

∩{1kgÁ�¤õ}
)

= b(r − 1; k − 1, p)p =
(
k−1
r−1

)
prqk−r, k ≥ r

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

K��©Ù(ndk©Ù)

P (X = k) =
(

k − 1
r − 1

)
(1− p)k−rpr, k = r, r + 1, . . . . . .

P�:X ∼ Nb(r, p).

X L«ÕáE�ËãpÁ�¥§/1r g¤õ0��Á�g
ê¶¯¢þ

f(k; r, p) , P(ξr = k)

= P
(
{ck − 1gÁ�¥kr − 1g¤õ}

∩{1kgÁ�¤õ}
)

= b(r − 1; k − 1, p)p =
(
k−1
r−1

)
prqk−r, k ≥ r

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

K��©Ù(ndk©Ù)

P (X = k) =
(

k − 1
r − 1

)
(1− p)k−rpr, k = r, r + 1, . . . . . .

P�:X ∼ Nb(r, p).

X L«ÕáE�ËãpÁ�¥§/1r g¤õ0��Á�g
ê¶¯¢þ

f(k; r, p) , P(ξr = k)

= P
(
{ck − 1gÁ�¥kr − 1g¤õ}

∩{1kgÁ�¤õ}
)

=

b(r − 1; k − 1, p)p =
(
k−1
r−1

)
prqk−r, k ≥ r

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

K��©Ù(ndk©Ù)

P (X = k) =
(

k − 1
r − 1

)
(1− p)k−rpr, k = r, r + 1, . . . . . .

P�:X ∼ Nb(r, p).

X L«ÕáE�ËãpÁ�¥§/1r g¤õ0��Á�g
ê¶¯¢þ

f(k; r, p) , P(ξr = k)

= P
(
{ck − 1gÁ�¥kr − 1g¤õ}

∩{1kgÁ�¤õ}
)

= b(r − 1; k − 1, p)p =

(
k−1
r−1

)
prqk−r, k ≥ r

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

K��©Ù(ndk©Ù)

P (X = k) =
(

k − 1
r − 1

)
(1− p)k−rpr, k = r, r + 1, . . . . . .

P�:X ∼ Nb(r, p).

X L«ÕáE�ËãpÁ�¥§/1r g¤õ0��Á�g
ê¶¯¢þ

f(k; r, p) , P(ξr = k)

= P
(
{ck − 1gÁ�¥kr − 1g¤õ}

∩{1kgÁ�¤õ}
)

= b(r − 1; k − 1, p)p =
(
k−1
r−1

)
prqk−r, k ≥ r

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿

5µ
∑∞

k=r Cr−1
k−1p

r(1− p)k−r = 1
y²µ|^�?ê3Âñ�S�Å�¦��5�

�| x |< 1
∑∞

k=1 xk−1 = 1
1−x

∞∑
k=2

(k − 1)xk−2 =
1

(1− x)2

∞∑
k=3

(k − 1)(k − 2)xk−3 =
2

(1− x)3

=⇒
∞∑

k=3

C2
k−1x

k−3 =
1

(1− x)3

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿

5µ
∑∞

k=r Cr−1
k−1p

r(1− p)k−r = 1
y²µ|^�?ê3Âñ�S�Å�¦��5�

�| x |< 1
∑∞

k=1 xk−1 = 1
1−x

∞∑
k=2

(k − 1)xk−2 =
1

(1− x)2

∞∑
k=3

(k − 1)(k − 2)xk−3 =
2

(1− x)3

=⇒
∞∑

k=3

C2
k−1x

k−3 =
1

(1− x)3

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿

5µ
∑∞

k=r Cr−1
k−1p

r(1− p)k−r = 1
y²µ|^�?ê3Âñ�S�Å�¦��5�

�| x |< 1
∑∞

k=1 xk−1 = 1
1−x

∞∑
k=2

(k − 1)xk−2 =
1

(1− x)2

∞∑
k=3

(k − 1)(k − 2)xk−3 =
2

(1− x)3

=⇒
∞∑

k=3

C2
k−1x

k−3 =
1

(1− x)3

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿

5µ
∑∞

k=r Cr−1
k−1p

r(1− p)k−r = 1
y²µ|^�?ê3Âñ�S�Å�¦��5�

�| x |< 1
∑∞

k=1 xk−1 = 1
1−x

∞∑
k=2

(k − 1)xk−2 =
1

(1− x)2

∞∑
k=3

(k − 1)(k − 2)xk−3 =
2

(1− x)3

=⇒
∞∑

k=3

C2
k−1x

k−3 =
1

(1− x)3

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿

5µ
∑∞

k=r Cr−1
k−1p

r(1− p)k−r = 1
y²µ|^�?ê3Âñ�S�Å�¦��5�

�| x |< 1
∑∞

k=1 xk−1 = 1
1−x

∞∑
k=2

(k − 1)xk−2 =
1

(1− x)2

∞∑
k=3

(k − 1)(k − 2)xk−3 =
2

(1− x)3

=⇒
∞∑

k=3

C2
k−1x

k−3 =
1

(1− x)3

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿(Y)

8B/:
∞∑

k=r

Cr−1
k−1x

k−r =
1

(1− x)r

- x = 1− p

=⇒
∞∑

k=r

Cr−1
k−1(1− p)k−r =

1
(p)r

=⇒
∞∑

k=r

Cr−1
k−1p

r(1− p)k−r = 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

n<â»�Ý¯K

êÆ[��m��¥��k�ÝCkN�»��»�Ý§zgÄ
ë�?��Ý^��§¦uy�Ý^1�§,�ÝTkr��V
Ç"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)n<â»�Ý¯K

^AL«/uy�Ý®�§,�Ýÿ�r�0�¯
�§ξK�ηM©OL«/1Kg�`Ý�»�0Ú/1Mg�¯
Ý�»�0�o��»��gê§K

ξK ∼ Nb

(
K,

1
2

)
, ηM ∼ Nb

(
M,

1
2

)
A = {ξN+1 = 2N − r + 1} ∪ {ηN+1 = 2N − r + 1}

5¿�

{ξN+1 = 2N − r + 1} ∩ {ηN+1 = 2N − r + 1} = ∅

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)n<â»�Ý¯K

^AL«/uy�Ý®�§,�Ýÿ�r�0�¯
�§ξK�ηM©OL«/1Kg�`Ý�»�0Ú/1Mg�¯
Ý�»�0�o��»��gê§K

ξK ∼ Nb

(
K,

1
2

)
, ηM ∼ Nb

(
M,

1
2

)

A = {ξN+1 = 2N − r + 1} ∪ {ηN+1 = 2N − r + 1}

5¿�

{ξN+1 = 2N − r + 1} ∩ {ηN+1 = 2N − r + 1} = ∅

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)n<â»�Ý¯K

^AL«/uy�Ý®�§,�Ýÿ�r�0�¯
�§ξK�ηM©OL«/1Kg�`Ý�»�0Ú/1Mg�¯
Ý�»�0�o��»��gê§K

ξK ∼ Nb

(
K,

1
2

)
, ηM ∼ Nb

(
M,

1
2

)
A = {ξN+1 = 2N − r + 1} ∪ {ηN+1 = 2N − r + 1}

5¿�

{ξN+1 = 2N − r + 1} ∩ {ηN+1 = 2N − r + 1} = ∅

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

��
P(A)

= 2f
(
2N − r + 1;N + 1, 1

2

)
=

(
2N−r

N

) (
1
2

)2N−r

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.1.5

©Ù5¯Kµ`!¯�<ÙÆ§�ÑÙ550�§�100�§z
Û`!¯��Å¬þ�§Ñ´1/2"�½µXk�÷3ÛK¦I�
�ÜÙ5100�§y®Ù�3Û§`2�1K§�Ï�¥äÙÆ§¯
ù100�Ù5TXÛ©�2<§â�ú²

¯K���zµ`!¯�<ÙÆ§�ÑÙ550�§�100�§
zÛ`��VÇ�p§¯��VÇ�q = 1− p"�½µXk�tÛ
K¦I��ÜÙ5100�§y`�r(r < t)Û§¯�s(s < t)Û"
�Ï�¥äÙÆ§¯ù100�Ù5TXÛ©�2<§â�ú²?

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.1.5

©Ù5¯Kµ`!¯�<ÙÆ§�ÑÙ550�§�100�§z
Û`!¯��Å¬þ�§Ñ´1/2"�½µXk�÷3ÛK¦I�
�ÜÙ5100�§y®Ù�3Û§`2�1K§�Ï�¥äÙÆ§¯
ù100�Ù5TXÛ©�2<§â�ú²

¯K���zµ`!¯�<ÙÆ§�ÑÙ550�§�100�§
zÛ`��VÇ�p§¯��VÇ�q = 1− p"�½µXk�tÛ
K¦I��ÜÙ5100�§y`�r(r < t)Û§¯�s(s < t)Û"
�Ï�¥äÙÆ§¯ù100�Ù5TXÛ©�2<§â�ú²?

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

©Ù5¯K��µ

1654c§��Ùä�rX�£De Mere¤�êÆ[ndk
£Pascal¤JÑXe¯Kµ`¯�<�e×5d�§û½k�n
ÛöI��ÜÙ7"b½3z�Û¥�<¼�Å¬��§��Û

�K�pÕá"�`��Û¯ÿ�¼��ÙÆ�½¥�§¯Ù

5ATXÛ©º�)ûd¯K§ndk��êÆ[¤�ê

£Fermat¤±9c��ÔnÆ[¨�d£Huygans¤?1
Rk
¤��?Ø§�÷/£�
¯K§Úå
î��î³êÆ[éV

ÇØ�,�"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�AÛ©Ù

P (X = k) = (M
k )(N−M

n−k )
(N

n) ,P�X ∼ h(n, N,M).

�AÛ©ÙéAuØ�£Ä��.:

. N ��¬¥kM �ØÜ�¬§

. l¥Ä�n�§ØÜ�¬��ê�X .

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�AÛ©Ù

P (X = k) = (M
k )(N−M

n−k )
(N

n) ,P�X ∼ h(n, N,M).

�AÛ©ÙéAuØ�£Ä��.:

. N ��¬¥kM �ØÜ�¬§

. l¥Ä�n�§ØÜ�¬��ê�X .

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

Ñt©Ù

e�ÅCþX �VÇ©Ù�

P (X = k) =
λk

k!
e−λ, k = 0, 1, . . . . . .

K¡X Ñlëê�λ �Ñt©Ù,P�X ∼ P (λ)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

Ñt½n

(��©Ù�ÑtCq)£P102½n2.4.1¤

3nËãpÁ�¥§Ppn ��gÁ�¥¤õ�V

Ç.enpn → λK: (
n

k

)
pk

n(1− pn)n−k → λk

k!
e−λ

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

Ñt½ny²

y:P npn = λn

Ck
npk

n(1− pn)n−k

= n(n−1)...(n−k+1)
k!

(
λ
n

)k
(
1− λn

n

)n−k

=
(
1− 1

n

)
. . .

(
1− k−1

n

)(
λk

n
k!

)(
1− λn

n

)− n
λn

(−λn)(n−k
n )

→ e−λ λk

k! k = 1, 2, . . . . . .

Ñt©Ù¥ëêλ�¢S¿Â: λ ≈ np

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

Ñt½ny²

y:P npn = λn

Ck
npk

n(1− pn)n−k

= n(n−1)...(n−k+1)
k!

(
λ
n

)k
(
1− λn

n

)n−k

=
(
1− 1

n

)
. . .

(
1− k−1

n

)(
λk

n
k!

)(
1− λn

n

)− n
λn

(−λn)(n−k
n )

→ e−λ λk

k! k = 1, 2, . . . . . .

Ñt©Ù¥ëêλ�¢S¿Â: λ ≈ np

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

Ñt½ny²

y:P npn = λn

Ck
npk

n(1− pn)n−k

= n(n−1)...(n−k+1)
k!

(
λ
n

)k
(
1− λn

n

)n−k

=
(
1− 1

n

)
. . .

(
1− k−1

n

)(
λk

n
k!

)(
1− λn

n

)− n
λn

(−λn)(n−k
n )

→ e−λ λk

k! k = 1, 2, . . . . . .

Ñt©Ù¥ëêλ�¢S¿Â: λ ≈ np

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.1.6

,,��¬ØÜ�Ç�0.03, yò�¬C�, e�±Ø�
u90%�VÇ�yz�¥��k100 �Ü�¬, Kz���AC
õ���¬º

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)

)µ

�z���AC100 + n�, z��ØÜ�¬�ê�X ,
KX ∼ B(100 + n, 0.03)
dK¿: P (X ≤ n) =

∑n
k=0 P100+n(k) ≥ 0.9

A^Poisson½n5¿�(100 + n)0.03 = 3 + 0.03n ≈ 3� λ = 3

n∑
k=0

P100+n(k) ≈
n∑

k=0

3k

k!
e−3 = 1−

∞∑
k=n+1

3k

k!
e−3 ≥ 0.9

=⇒
∑∞

k=n+1
3k

k! e
−3 ≤ 0.1,�Poisson©ÙL,λ = 3

�n + 1 = 6, n = 5 �z���AC105��¬,âUÎÜ�¦.
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�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)

)µ �z���AC100 + n�,

z��ØÜ�¬�ê�X ,
KX ∼ B(100 + n, 0.03)
dK¿: P (X ≤ n) =

∑n
k=0 P100+n(k) ≥ 0.9

A^Poisson½n5¿�(100 + n)0.03 = 3 + 0.03n ≈ 3� λ = 3

n∑
k=0

P100+n(k) ≈
n∑

k=0

3k

k!
e−3 = 1−

∞∑
k=n+1

3k

k!
e−3 ≥ 0.9

=⇒
∑∞

k=n+1
3k

k! e
−3 ≤ 0.1,�Poisson©ÙL,λ = 3

�n + 1 = 6, n = 5 �z���AC105��¬,âUÎÜ�¦.
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�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)

)µ �z���AC100 + n�, z��ØÜ�¬�ê�X ,
KX ∼ B(100 + n, 0.03)

dK¿: P (X ≤ n) =
∑n

k=0 P100+n(k) ≥ 0.9
A^Poisson½n5¿�(100 + n)0.03 = 3 + 0.03n ≈ 3� λ = 3

n∑
k=0

P100+n(k) ≈
n∑

k=0

3k

k!
e−3 = 1−

∞∑
k=n+1

3k

k!
e−3 ≥ 0.9

=⇒
∑∞

k=n+1
3k

k! e
−3 ≤ 0.1,�Poisson©ÙL,λ = 3

�n + 1 = 6, n = 5 �z���AC105��¬,âUÎÜ�¦.
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�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)

)µ �z���AC100 + n�, z��ØÜ�¬�ê�X ,
KX ∼ B(100 + n, 0.03)
dK¿: P (X ≤ n) =

∑n
k=0 P100+n(k) ≥ 0.9

A^Poisson½n5¿�(100 + n)0.03 = 3 + 0.03n ≈ 3� λ = 3

n∑
k=0

P100+n(k) ≈
n∑

k=0

3k

k!
e−3 = 1−

∞∑
k=n+1

3k

k!
e−3 ≥ 0.9

=⇒
∑∞

k=n+1
3k

k! e
−3 ≤ 0.1,�Poisson©ÙL,λ = 3

�n + 1 = 6, n = 5 �z���AC105��¬,âUÎÜ�¦.
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�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)

)µ �z���AC100 + n�, z��ØÜ�¬�ê�X ,
KX ∼ B(100 + n, 0.03)
dK¿: P (X ≤ n) =

∑n
k=0 P100+n(k) ≥ 0.9

A^Poisson½n

5¿�(100 + n)0.03 = 3 + 0.03n ≈ 3� λ = 3

n∑
k=0

P100+n(k) ≈
n∑

k=0

3k

k!
e−3 = 1−

∞∑
k=n+1

3k

k!
e−3 ≥ 0.9

=⇒
∑∞

k=n+1
3k

k! e
−3 ≤ 0.1,�Poisson©ÙL,λ = 3

�n + 1 = 6, n = 5 �z���AC105��¬,âUÎÜ�¦.
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�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)

)µ �z���AC100 + n�, z��ØÜ�¬�ê�X ,
KX ∼ B(100 + n, 0.03)
dK¿: P (X ≤ n) =

∑n
k=0 P100+n(k) ≥ 0.9

A^Poisson½n5¿�(100 + n)0.03 = 3 + 0.03n ≈ 3� λ = 3

n∑
k=0

P100+n(k) ≈

n∑
k=0

3k

k!
e−3 = 1−

∞∑
k=n+1

3k

k!
e−3 ≥ 0.9

=⇒
∑∞

k=n+1
3k

k! e
−3 ≤ 0.1,�Poisson©ÙL,λ = 3

�n + 1 = 6, n = 5 �z���AC105��¬,âUÎÜ�¦.
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�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)

)µ �z���AC100 + n�, z��ØÜ�¬�ê�X ,
KX ∼ B(100 + n, 0.03)
dK¿: P (X ≤ n) =

∑n
k=0 P100+n(k) ≥ 0.9

A^Poisson½n5¿�(100 + n)0.03 = 3 + 0.03n ≈ 3� λ = 3

n∑
k=0

P100+n(k) ≈
n∑

k=0

3k

k!
e−3 = 1−

∞∑
k=n+1

3k

k!
e−3 ≥ 0.9

=⇒
∑∞

k=n+1
3k

k! e
−3 ≤ 0.1,

�Poisson©ÙL,λ = 3
�n + 1 = 6, n = 5 �z���AC105��¬,âUÎÜ�¦.
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�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

)

)µ �z���AC100 + n�, z��ØÜ�¬�ê�X ,
KX ∼ B(100 + n, 0.03)
dK¿: P (X ≤ n) =

∑n
k=0 P100+n(k) ≥ 0.9

A^Poisson½n5¿�(100 + n)0.03 = 3 + 0.03n ≈ 3� λ = 3

n∑
k=0

P100+n(k) ≈
n∑

k=0

3k

k!
e−3 = 1−

∞∑
k=n+1

3k

k!
e−3 ≥ 0.9

=⇒
∑∞

k=n+1
3k

k! e
−3 ≤ 0.1,�Poisson©ÙL,λ = 3

�n + 1 = 6, n = 5 �z���AC105��¬,âUÎÜ�¦.
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ëY.�ÅCþ

�!ëY.�ÅCþ�½Â

��ÅCþX �©Ù¼ê�F (x),e�3�K�È¼êp(x) §÷
vµ

F (x) =
∫ x

−∞
p(t)dt

K¡X �ëY�ÅCþ§¡p(x)�VÇ�Ý¼ê§{¡�Ý¼
ê.

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

a b

p(x)

P (a ≤ X < b) =
∫

a

b

p(x) dx
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ëY.�ÅCþ

�!ëY.�ÅCþ�½Â

��ÅCþX �©Ù¼ê�F (x),e�3�K�È¼êp(x) §÷
vµ

F (x) =
∫ x

−∞
p(t)dt

K¡X �ëY�ÅCþ§¡p(x)�VÇ�Ý¼ê§{¡�Ý¼
ê.

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

a b

p(x)

P (a ≤ X < b) =
∫

a

b

p(x) dx

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

ëY.�ÅCþ

�!ëY.�ÅCþ�½Â

��ÅCþX �©Ù¼ê�F (x),e�3�K�È¼êp(x) §÷
vµ

F (x) =
∫ x

−∞
p(t)dt

K¡X �ëY�ÅCþ§¡p(x)�VÇ�Ý¼ê§{¡�Ý¼
ê.

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

a b

p(x)

P (a ≤ X < b) =
∫

a

b

p(x) dx
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ëY.�ÅCþ

�!ëY.�ÅCþ�½Â

��ÅCþX �©Ù¼ê�F (x),e�3�K�È¼êp(x) §÷
vµ

F (x) =
∫ x

−∞
p(t)dt

K¡X �ëY�ÅCþ§¡p(x)�VÇ�Ý¼ê§{¡�Ý¼
ê.

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

a b

p(x)

P (a ≤ X < b) =
∫

a

b

p(x) dx

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Ý¼êA�5�µ

• p(x) ≥ 0; (�K5)

•
∫∞
−∞ p(x)dx = 1 (�K5)

÷v±þü�^��¼êÑ�±w¤,�ëY�ÅCþ�VÇ�

Ý¼ê.

•�Ý¼ê�VÇ¹Âµ�∆ > 0é��§

P(ξ ∈ [x−∆, x + ∆]) =
∫ x+∆

x−∆
p(t)dt ≈ 1

2
∆p(x)

• eξ�ëY.�ÅCþ§K

P (ξ = x) = 0, ∀x ∈ R1

• ©Ù¼ê©ã��⇒ëY.§d��Ý¼êd©ã�¼êû
½"

• ëY.©Ù¼ê�ëY¼ê§��Øý"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Ý¼êA�5�µ

• p(x) ≥ 0; (�K5)

•
∫∞
−∞ p(x)dx = 1 (�K5)

÷v±þü�^��¼êÑ�±w¤,�ëY�ÅCþ�VÇ�

Ý¼ê.

•�Ý¼ê�VÇ¹Âµ�∆ > 0é��§

P(ξ ∈ [x−∆, x + ∆]) =
∫ x+∆

x−∆
p(t)dt ≈ 1

2
∆p(x)

• eξ�ëY.�ÅCþ§K

P (ξ = x) = 0, ∀x ∈ R1

• ©Ù¼ê©ã��⇒ëY.§d��Ý¼êd©ã�¼êû
½"

• ëY.©Ù¼ê�ëY¼ê§��Øý"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Ý¼êA�5�µ

• p(x) ≥ 0; (�K5)

•
∫∞
−∞ p(x)dx = 1 (�K5)

÷v±þü�^��¼êÑ�±w¤,�ëY�ÅCþ�VÇ�

Ý¼ê.

•�Ý¼ê�VÇ¹Âµ

�∆ > 0é��§

P(ξ ∈ [x−∆, x + ∆]) =
∫ x+∆

x−∆
p(t)dt ≈ 1

2
∆p(x)

• eξ�ëY.�ÅCþ§K

P (ξ = x) = 0, ∀x ∈ R1

• ©Ù¼ê©ã��⇒ëY.§d��Ý¼êd©ã�¼êû
½"

• ëY.©Ù¼ê�ëY¼ê§��Øý"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Ý¼êA�5�µ

• p(x) ≥ 0; (�K5)

•
∫∞
−∞ p(x)dx = 1 (�K5)

÷v±þü�^��¼êÑ�±w¤,�ëY�ÅCþ�VÇ�

Ý¼ê.

•�Ý¼ê�VÇ¹Âµ�∆ > 0é��§

P(ξ ∈ [x−∆, x + ∆])

=
∫ x+∆

x−∆
p(t)dt ≈ 1

2
∆p(x)

• eξ�ëY.�ÅCþ§K

P (ξ = x) = 0, ∀x ∈ R1

• ©Ù¼ê©ã��⇒ëY.§d��Ý¼êd©ã�¼êû
½"

• ëY.©Ù¼ê�ëY¼ê§��Øý"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Ý¼êA�5�µ

• p(x) ≥ 0; (�K5)

•
∫∞
−∞ p(x)dx = 1 (�K5)

÷v±þü�^��¼êÑ�±w¤,�ëY�ÅCþ�VÇ�

Ý¼ê.

•�Ý¼ê�VÇ¹Âµ�∆ > 0é��§

P(ξ ∈ [x−∆, x + ∆]) =
∫ x+∆

x−∆
p(t)dt ≈ 1

2
∆p(x)

• eξ�ëY.�ÅCþ§K

P (ξ = x) = 0, ∀x ∈ R1

• ©Ù¼ê©ã��⇒ëY.§d��Ý¼êd©ã�¼êû
½"

• ëY.©Ù¼ê�ëY¼ê§��Øý"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Ý¼êA�5�µ

• p(x) ≥ 0; (�K5)

•
∫∞
−∞ p(x)dx = 1 (�K5)

÷v±þü�^��¼êÑ�±w¤,�ëY�ÅCþ�VÇ�

Ý¼ê.

•�Ý¼ê�VÇ¹Âµ�∆ > 0é��§

P(ξ ∈ [x−∆, x + ∆]) =
∫ x+∆

x−∆
p(t)dt ≈ 1

2
∆p(x)

• eξ�ëY.�ÅCþ§K

P (ξ = x) = 0, ∀x ∈ R1

• ©Ù¼ê©ã��⇒ëY.§d��Ý¼êd©ã�¼êû
½"

• ëY.©Ù¼ê�ëY¼ê§��Øý"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Ý¼êA�5�µ

• p(x) ≥ 0; (�K5)

•
∫∞
−∞ p(x)dx = 1 (�K5)

÷v±þü�^��¼êÑ�±w¤,�ëY�ÅCþ�VÇ�

Ý¼ê.

•�Ý¼ê�VÇ¹Âµ�∆ > 0é��§

P(ξ ∈ [x−∆, x + ∆]) =
∫ x+∆

x−∆
p(t)dt ≈ 1

2
∆p(x)

• eξ�ëY.�ÅCþ§K

P (ξ = x) = 0, ∀x ∈ R1

• ©Ù¼ê©ã��⇒ëY.§d��Ý¼êd©ã�¼êû
½"

• ëY.©Ù¼ê�ëY¼ê§��Øý"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Ý¼êA�5�µ

• p(x) ≥ 0; (�K5)

•
∫∞
−∞ p(x)dx = 1 (�K5)

÷v±þü�^��¼êÑ�±w¤,�ëY�ÅCþ�VÇ�

Ý¼ê.

•�Ý¼ê�VÇ¹Âµ�∆ > 0é��§

P(ξ ∈ [x−∆, x + ∆]) =
∫ x+∆

x−∆
p(t)dt ≈ 1

2
∆p(x)

• eξ�ëY.�ÅCþ§K

P (ξ = x) = 0, ∀x ∈ R1

• ©Ù¼ê©ã��⇒ëY.§d��Ý¼êd©ã�¼êû
½"

• ëY.©Ù¼ê�ëY¼ê§��Øý"
Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

ëY.�ÅCþ©Ù¼ê�5�:

(1) P{a < X ≤ b} = P{a < X < b}

=P{ a ≤ X < b}
=P{ a ≤ X ≤ b}
=F(b)-F(a).

(2) F (x)´(−∞,+∞)þ�ëY¼ê;

(3) P (X = x) = F (x)− F (x− 0) = 0;
(4) �F (x) 3x:���,p(x) = F ′(x)
�F (x) 3x:Ø���, �-p(x) = 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

ëY.�ÅCþ©Ù¼ê�5�:

(1) P{a < X ≤ b} = P{a < X < b}
=P{ a ≤ X < b}

=P{ a ≤ X ≤ b}
=F(b)-F(a).

(2) F (x)´(−∞,+∞)þ�ëY¼ê;

(3) P (X = x) = F (x)− F (x− 0) = 0;
(4) �F (x) 3x:���,p(x) = F ′(x)
�F (x) 3x:Ø���, �-p(x) = 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

ëY.�ÅCþ©Ù¼ê�5�:

(1) P{a < X ≤ b} = P{a < X < b}
=P{ a ≤ X < b}
=P{ a ≤ X ≤ b}

=F(b)-F(a).

(2) F (x)´(−∞,+∞)þ�ëY¼ê;

(3) P (X = x) = F (x)− F (x− 0) = 0;
(4) �F (x) 3x:���,p(x) = F ′(x)
�F (x) 3x:Ø���, �-p(x) = 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

ëY.�ÅCþ©Ù¼ê�5�:

(1) P{a < X ≤ b} = P{a < X < b}
=P{ a ≤ X < b}
=P{ a ≤ X ≤ b}
=F(b)-F(a).

(2) F (x)´(−∞,+∞)þ�ëY¼ê;

(3) P (X = x) = F (x)− F (x− 0) = 0;
(4) �F (x) 3x:���,p(x) = F ′(x)
�F (x) 3x:Ø���, �-p(x) = 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

ëY.�ÅCþ©Ù¼ê�5�:

(1) P{a < X ≤ b} = P{a < X < b}
=P{ a ≤ X < b}
=P{ a ≤ X ≤ b}
=F(b)-F(a).

(2) F (x)´(−∞,+∞)þ�ëY¼ê;

(3) P (X = x) = F (x)− F (x− 0) = 0;

(4) �F (x) 3x:���,p(x) = F ′(x)
�F (x) 3x:Ø���, �-p(x) = 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

ëY.�ÅCþ©Ù¼ê�5�:

(1) P{a < X ≤ b} = P{a < X < b}
=P{ a ≤ X < b}
=P{ a ≤ X ≤ b}
=F(b)-F(a).

(2) F (x)´(−∞,+∞)þ�ëY¼ê;

(3) P (X = x) = F (x)− F (x− 0) = 0;
(4) �F (x) 3x:���,p(x) = F ′(x)

�F (x) 3x:Ø���, �-p(x) = 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

ëY.�ÅCþ©Ù¼ê�5�:

(1) P{a < X ≤ b} = P{a < X < b}
=P{ a ≤ X < b}
=P{ a ≤ X ≤ b}
=F(b)-F(a).

(2) F (x)´(−∞,+∞)þ�ëY¼ê;

(3) P (X = x) = F (x)− F (x− 0) = 0;
(4) �F (x) 3x:���,p(x) = F ′(x)
�F (x) 3x:Ø���, �-p(x) = 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

lÑ.�ëY5�ÅCþ�'�:

lÑ. ëY.

©Ù�:pn = P (X = xn)(��) �Ý¼ê:X ∼ p(x)(A�??��)

F (x) =
∑

xi≤x P (X = xi) F (x) =
∫ x
−∞ p(t)dt

F (a− 0) = F (a) P{a < X < b} = F (b)− F (a).

::O� P (X = a) = 0

F (x)��F¼ê F (x)�ëY¼ê"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

lÑ.�ëY5�ÅCþ�'�:

lÑ. ëY.

©Ù�:pn = P (X = xn)(��) �Ý¼ê:X ∼ p(x)(A�??��)

F (x) =
∑

xi≤x P (X = xi) F (x) =
∫ x
−∞ p(t)dt

F (a− 0) = F (a) P{a < X < b} = F (b)− F (a).

::O� P (X = a) = 0

F (x)��F¼ê F (x)�ëY¼ê"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

lÑ.�ëY5�ÅCþ�'�:

lÑ. ëY.

©Ù�:pn = P (X = xn)(��) �Ý¼ê:X ∼ p(x)(A�??��)

F (x) =
∑

xi≤x P (X = xi) F (x) =
∫ x
−∞ p(t)dt

F (a− 0) = F (a) P{a < X < b} = F (b)− F (a).

::O� P (X = a) = 0

F (x)��F¼ê F (x)�ëY¼ê"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

lÑ.�ëY5�ÅCþ�'�:

lÑ. ëY.

©Ù�:pn = P (X = xn)(��) �Ý¼ê:X ∼ p(x)(A�??��)

F (x) =
∑

xi≤x P (X = xi) F (x) =
∫ x
−∞ p(t)dt

F (a− 0) = F (a) P{a < X < b} = F (b)− F (a).

::O� P (X = a) = 0

F (x)��F¼ê F (x)�ëY¼ê"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

lÑ.�ëY5�ÅCþ�'�:

lÑ. ëY.

©Ù�:pn = P (X = xn)(��) �Ý¼ê:X ∼ p(x)(A�??��)

F (x) =
∑

xi≤x P (X = xi) F (x) =
∫ x
−∞ p(t)dt

F (a− 0) = F (a) P{a < X < b} = F (b)− F (a).

::O� P (X = a) = 0

F (x)��F¼ê F (x)�ëY¼ê"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~��ëY.�ÅCþ

• ��©Ù

• þ!©Ù

• �ê©Ù

• Γ−©Ù

• �©©Ù

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~��ëY.�ÅCþ

• ��©Ù

• þ!©Ù

• �ê©Ù

• Γ−©Ù

• �©©Ù

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~��ëY.�ÅCþ

• ��©Ù

• þ!©Ù

• �ê©Ù

• Γ−©Ù

• �©©Ù

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~��ëY.�ÅCþ

• ��©Ù

• þ!©Ù

• �ê©Ù

• Γ−©Ù

• �©©Ù

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~��ëY.�ÅCþ

• ��©Ù

• þ!©Ù

• �ê©Ù

• Γ−©Ù

• �©©Ù

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

��©Ù

ϕa,σ(x) =
1√
2πσ

exp

{
−(x− µ)2

2σ2

}
,−∞ < x < ∞

P�X ∼ N(µ, σ2), Ù¥σ > 0, µ´?¿¢ê.

• µ ´ �ëê.

• σ´ºÝëê.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

��©Ù

ϕa,σ(x) =
1√
2πσ

exp

{
−(x− µ)2

2σ2

}
,−∞ < x < ∞

P�X ∼ N(µ, σ2), Ù¥σ > 0, µ´?¿¢ê.

• µ ´ �ëê.

• σ´ºÝëê.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

��©Ù

ϕa,σ(x) =
1√
2πσ

exp

{
−(x− µ)2

2σ2

}
,−∞ < x < ∞

P�X ∼ N(µ, σ2), Ù¥σ > 0, µ´?¿¢ê.

• µ ´ �ëê.

• σ´ºÝëê.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�yϕa,σ(x)��Ý¼ê

w,ϕa,σ(x) > 0"PI ,
∫∞
−∞ ϕa,σ(x)dx§�Iy²I = 1"

¯¢

þ§

I2 =
∫ ∞

−∞
ϕa,σ(x)dx

∫ ∞

−∞
ϕa,σ(y)dy

=
∫ ∞

−∞
dx

∫ ∞

−∞
ϕa,σ(x)ϕa,σ(y)dy

=
∫∫

R2

1
2πσ2

e−
(x−a)2+(y−a)2

2σ2 dxdy

|^4�IC��

1
2π

∫ 2π

0
dθ

∫ ∞

0
re−r2

2dr = 1

5¿�I > 0�yI = 1"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�yϕa,σ(x)��Ý¼ê

w,ϕa,σ(x) > 0"PI ,
∫∞
−∞ ϕa,σ(x)dx§�Iy²I = 1"¯¢

þ§

I2 =
∫ ∞

−∞
ϕa,σ(x)dx

∫ ∞

−∞
ϕa,σ(y)dy

=

∫ ∞

−∞
dx

∫ ∞

−∞
ϕa,σ(x)ϕa,σ(y)dy

=
∫∫

R2

1
2πσ2

e−
(x−a)2+(y−a)2

2σ2 dxdy

|^4�IC��

1
2π

∫ 2π

0
dθ

∫ ∞

0
re−r2

2dr = 1

5¿�I > 0�yI = 1"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�yϕa,σ(x)��Ý¼ê

w,ϕa,σ(x) > 0"PI ,
∫∞
−∞ ϕa,σ(x)dx§�Iy²I = 1"¯¢

þ§

I2 =
∫ ∞

−∞
ϕa,σ(x)dx

∫ ∞

−∞
ϕa,σ(y)dy

=
∫ ∞

−∞
dx

∫ ∞

−∞
ϕa,σ(x)ϕa,σ(y)dy

=

∫∫
R2

1
2πσ2

e−
(x−a)2+(y−a)2

2σ2 dxdy

|^4�IC��

1
2π

∫ 2π

0
dθ

∫ ∞

0
re−r2

2dr = 1

5¿�I > 0�yI = 1"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�yϕa,σ(x)��Ý¼ê

w,ϕa,σ(x) > 0"PI ,
∫∞
−∞ ϕa,σ(x)dx§�Iy²I = 1"¯¢

þ§

I2 =
∫ ∞

−∞
ϕa,σ(x)dx

∫ ∞

−∞
ϕa,σ(y)dy

=
∫ ∞

−∞
dx

∫ ∞

−∞
ϕa,σ(x)ϕa,σ(y)dy

=
∫∫

R2

1
2πσ2

e−
(x−a)2+(y−a)2

2σ2 dxdy

|^4�IC��

1
2π

∫ 2π

0
dθ

∫ ∞

0
re−r2

2dr = 1

5¿�I > 0�yI = 1"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

��©Ù��µµ

e��Åy�´NNõõ��ó,Ï��Ó�^�oÚ§�ó,

Ï�¤å��^³þå'§v1=�åÌ��^"@où��Å

y��±^��©Ù5�x£¥%4�½n¤"

��©Ù�ÅCþ2��3u�*.¥"~X§�¬��þ�

I§ÃXº�§¹þ§rÝ�¶��©Ù3Ø�©Û9���X

:�©Ù��¡�k��¤õ�A^"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

��©Ù��µµ

e��Åy�´NNõõ��ó,Ï��Ó�^�oÚ§�ó,

Ï�¤å��^³þå'§v1=�åÌ��^"@où��Å

y��±^��©Ù5�x£¥%4�½n¤"

��©Ù�ÅCþ2��3u�*.¥"~X§�¬��þ�

I§ÃXº�§¹þ§rÝ�¶��©Ù3Ø�©Û9���X

:�©Ù��¡�k��¤õ�A^"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

é�Ý¼ê�©Û

(1) p(x)'uµ´é¡�,3µ:p(x)�����

(2) eσ�½, µUC,p(x)�m£Ä,/G�±ØC.

(3) eµ�½, σUC,σ����²";σ����Í�.

(4) p(x)´éê]¼ê"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

é�Ý¼ê�©Û

(1) p(x)'uµ´é¡�,3µ:p(x)�����
(2) eσ�½, µUC,p(x)�m£Ä,/G�±ØC.

(3) eµ�½, σUC,σ����²";σ����Í�.

(4) p(x)´éê]¼ê"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

é�Ý¼ê�©Û

(1) p(x)'uµ´é¡�,3µ:p(x)�����
(2) eσ�½, µUC,p(x)�m£Ä,/G�±ØC.

(3) eµ�½, σUC,σ����²";σ����Í�.

(4) p(x)´éê]¼ê"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

é�Ý¼ê�©Û

(1) p(x)'uµ´é¡�,3µ:p(x)�����
(2) eσ�½, µUC,p(x)�m£Ä,/G�±ØC.

(3) eµ�½, σUC,σ����²";σ����Í�.

(4) p(x)´éê]¼ê"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

IO��©ÙN(0, 1)

�Ý¼êP�:
ϕ(x)

©Ù¼êP�:
Φ(x)

• Φ(0) = 1
2

• Φ(−x) = 1− Φ(x)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

����©Ù�IO��©Ù

�X ∼ N(µ, σ2),Y = X−µ
σ K

Y ∼ N(0, 1)

�X ∼ N(µ, σ2),K

F (x) = Φ
(

x− µ

σ

)
�X ∼ N(µ, σ2),K

P (X < a) = Φ
(

a− µ

σ

)
, P (X > a) = 1− Φ

(
a− µ

σ

)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

����©Ù�IO��©Ù

�X ∼ N(µ, σ2),Y = X−µ
σ K

Y ∼ N(0, 1)

�X ∼ N(µ, σ2),K

F (x) = Φ
(

x− µ

σ

)
�X ∼ N(µ, σ2),K

P (X < a) = Φ
(

a− µ

σ

)
, P (X > a) = 1− Φ

(
a− µ

σ

)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

����©Ù�IO��©Ù

�X ∼ N(µ, σ2),Y = X−µ
σ K

Y ∼ N(0, 1)

�X ∼ N(µ, σ2),K

F (x) = Φ
(

x− µ

σ

)
�X ∼ N(µ, σ2),K

P (X < a) = Φ
(

a− µ

σ

)
, P (X > a) = 1− Φ

(
a− µ

σ

)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

Φ(x)�O�

(1) x ≥ 0�,�IO��©Ù¼êL.
(2) x ≤ 0�,^Φ(x) = 1− Φ(−x)
e∼ N(0, 1),K

P (X ≤ a) = Φ(a);
P (X > a) = 1− Φ(a);
P (a < X < b) = Φ(b)− Φ(a);
ea ≥ 0,K

P (| X |< a) = P (−a < X < a) = Φ(a)− Φ(−a)
= Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

Φ(x)�O�

(1) x ≥ 0�,�IO��©Ù¼êL.
(2) x ≤ 0�,^Φ(x) = 1− Φ(−x)
e∼ N(0, 1),K

P (X ≤ a) = Φ(a);

P (X > a) = 1− Φ(a);
P (a < X < b) = Φ(b)− Φ(a);
ea ≥ 0,K

P (| X |< a) = P (−a < X < a) = Φ(a)− Φ(−a)
= Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

Φ(x)�O�

(1) x ≥ 0�,�IO��©Ù¼êL.
(2) x ≤ 0�,^Φ(x) = 1− Φ(−x)
e∼ N(0, 1),K

P (X ≤ a) = Φ(a);
P (X > a) = 1− Φ(a);

P (a < X < b) = Φ(b)− Φ(a);
ea ≥ 0,K

P (| X |< a) = P (−a < X < a) = Φ(a)− Φ(−a)
= Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

Φ(x)�O�

(1) x ≥ 0�,�IO��©Ù¼êL.
(2) x ≤ 0�,^Φ(x) = 1− Φ(−x)
e∼ N(0, 1),K

P (X ≤ a) = Φ(a);
P (X > a) = 1− Φ(a);
P (a < X < b) = Φ(b)− Φ(a);

ea ≥ 0,K
P (| X |< a) = P (−a < X < a) = Φ(a)− Φ(−a)

= Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

Φ(x)�O�

(1) x ≥ 0�,�IO��©Ù¼êL.
(2) x ≤ 0�,^Φ(x) = 1− Φ(−x)
e∼ N(0, 1),K

P (X ≤ a) = Φ(a);
P (X > a) = 1− Φ(a);
P (a < X < b) = Φ(b)− Φ(a);
ea ≥ 0,K

P (| X |< a) = P (−a < X < a) = Φ(a)− Φ(−a)
= Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3σ5K

�X ∼ N(µ, σ2),K

• P (| X − µ |< σ) = 0.6828.
• P (| X − µ |< 2σ) = 0.9545
• P (| X − µ |< 3σ) = 0.9974.
P (| X − µ |< 3σ) = P (µ− 3σ < X < µ + 3σ)
= Φ

(µ+3σ−µ
σ

)
− Φ

(µ−3σ−µ
σ

)
= Φ(3)− Φ(−3) = 2Φ(3)− 1 = 2× 0.9987− 1 = 0.9974
d3σ�n�,�a < −3 �,Φ(a) ≈ 0;�b > 3�,Φ(b) ≈ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3σ5K

�X ∼ N(µ, σ2),K
• P (| X − µ |< σ) = 0.6828.

• P (| X − µ |< 2σ) = 0.9545
• P (| X − µ |< 3σ) = 0.9974.
P (| X − µ |< 3σ) = P (µ− 3σ < X < µ + 3σ)
= Φ

(µ+3σ−µ
σ

)
− Φ

(µ−3σ−µ
σ

)
= Φ(3)− Φ(−3) = 2Φ(3)− 1 = 2× 0.9987− 1 = 0.9974
d3σ�n�,�a < −3 �,Φ(a) ≈ 0;�b > 3�,Φ(b) ≈ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3σ5K

�X ∼ N(µ, σ2),K
• P (| X − µ |< σ) = 0.6828.
• P (| X − µ |< 2σ) = 0.9545

• P (| X − µ |< 3σ) = 0.9974.
P (| X − µ |< 3σ) = P (µ− 3σ < X < µ + 3σ)
= Φ

(µ+3σ−µ
σ

)
− Φ

(µ−3σ−µ
σ

)
= Φ(3)− Φ(−3) = 2Φ(3)− 1 = 2× 0.9987− 1 = 0.9974
d3σ�n�,�a < −3 �,Φ(a) ≈ 0;�b > 3�,Φ(b) ≈ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3σ5K

�X ∼ N(µ, σ2),K
• P (| X − µ |< σ) = 0.6828.
• P (| X − µ |< 2σ) = 0.9545
• P (| X − µ |< 3σ) = 0.9974.

P (| X − µ |< 3σ) = P (µ− 3σ < X < µ + 3σ)
= Φ

(µ+3σ−µ
σ

)
− Φ

(µ−3σ−µ
σ

)
= Φ(3)− Φ(−3) = 2Φ(3)− 1 = 2× 0.9987− 1 = 0.9974
d3σ�n�,�a < −3 �,Φ(a) ≈ 0;�b > 3�,Φ(b) ≈ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3σ5K

�X ∼ N(µ, σ2),K
• P (| X − µ |< σ) = 0.6828.
• P (| X − µ |< 2σ) = 0.9545
• P (| X − µ |< 3σ) = 0.9974.
P (| X − µ |< 3σ) = P (µ− 3σ < X < µ + 3σ)

= Φ
(µ+3σ−µ

σ

)
− Φ

(µ−3σ−µ
σ

)
= Φ(3)− Φ(−3) = 2Φ(3)− 1 = 2× 0.9987− 1 = 0.9974
d3σ�n�,�a < −3 �,Φ(a) ≈ 0;�b > 3�,Φ(b) ≈ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3σ5K

�X ∼ N(µ, σ2),K
• P (| X − µ |< σ) = 0.6828.
• P (| X − µ |< 2σ) = 0.9545
• P (| X − µ |< 3σ) = 0.9974.
P (| X − µ |< 3σ) = P (µ− 3σ < X < µ + 3σ)
= Φ

(µ+3σ−µ
σ

)
− Φ

(µ−3σ−µ
σ

)
= Φ(3)− Φ(−3) = 2Φ(3)− 1 = 2× 0.9987− 1 = 0.9974

d3σ�n�,�a < −3 �,Φ(a) ≈ 0;�b > 3�,Φ(b) ≈ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3σ5K

�X ∼ N(µ, σ2),K
• P (| X − µ |< σ) = 0.6828.
• P (| X − µ |< 2σ) = 0.9545
• P (| X − µ |< 3σ) = 0.9974.
P (| X − µ |< 3σ) = P (µ− 3σ < X < µ + 3σ)
= Φ

(µ+3σ−µ
σ

)
− Φ

(µ−3σ−µ
σ

)
= Φ(3)− Φ(−3) = 2Φ(3)− 1 = 2× 0.9987− 1 = 0.9974
d3σ�n�,�a < −3 �,Φ(a) ≈ 0;�b > 3�,Φ(b) ≈ 1

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

IO��©Ù�þα© êzα

�X ∼ N(0, 1), 0 < α < 1, ¡÷v

P (X > zα) = α

�:zα�X�þα© ê

~^êâ:z0.05 = 1.645, z0.025 = 1.96
Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.1.7£P137 ~3¤

lH�,/¦�c �«»�Õ§kü^�´�r"

1�^BL

½«§´§á��ÏP@§¤I�m£ü �©¤Ñl��©

ÙN(50, 100)"1�^÷�¢ú´§´§��¿	{l��§¤
I�m£ü �©¤Ñl��©ÙN(60, 16)"£1¤bXk70©
¨�^§¯ATr@^´�º£2¤bXk65©¨�^§¯qA
Tr@^´�º

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.1.7£P137 ~3¤

lH�,/¦�c �«»�Õ§kü^�´�r"1�^BL

½«§´§á��ÏP@§¤I�m£ü �©¤Ñl��©

ÙN(50, 100)"

1�^÷�¢ú´§´§��¿	{l��§¤

I�m£ü �©¤Ñl��©ÙN(60, 16)"£1¤bXk70©
¨�^§¯ATr@^´�º£2¤bXk65©¨�^§¯qA
Tr@^´�º

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.1.7£P137 ~3¤

lH�,/¦�c �«»�Õ§kü^�´�r"1�^BL

½«§´§á��ÏP@§¤I�m£ü �©¤Ñl��©

ÙN(50, 100)"1�^÷�¢ú´§´§��¿	{l��§¤
I�m£ü �©¤Ñl��©ÙN(60, 16)"

£1¤bXk70©
¨�^§¯ATr@^´�º£2¤bXk65©¨�^§¯qA
Tr@^´�º

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.1.7£P137 ~3¤

lH�,/¦�c �«»�Õ§kü^�´�r"1�^BL

½«§´§á��ÏP@§¤I�m£ü �©¤Ñl��©

ÙN(50, 100)"1�^÷�¢ú´§´§��¿	{l��§¤
I�m£ü �©¤Ñl��©ÙN(60, 16)"£1¤bXk70©
¨�^§¯ATr@^´�º£2¤bXk65©¨�^§¯qA
Tr@^´�º

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

þ!©Ù

eX �d.f �

f(x) =
{

1
b−a , a < x < b

0, else

K¡XÑl«m(a, b)þ�þ!©Ù½¡X Ñlëê�a, b�þ
!©Ù. P�

X ∼ U(a, b)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

þ!©Ù�©Ù¼ê

eX ∼ U(a, b),KX �©Ù¼ê�

F (x) =
∫ x

−∞
p(t)dt =


0, x < a,
x−a
b−a , a ≤ x < b

1, x ≥ b

∀(c, d) ⊂ (a, b),

P (c < X < d) =
∫ d

c

1
b− a

dx =
d− c

b− a

=X á3(a, b)S?Û��d− c��«m�VÇ��«m� �
Ã', ��Ù�Ý¤�'. ù�´AÛV.��/.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�ê©Ù

eX �d.f �

f(x) =
{

λe−λx, x > 0
0, else

λ > 0�~ê.K¡X Ñlëê�λ��ê©Ù
P�X ∼ E(λ),X �©Ù¼ê�

F (x) =
{

0, x < 0
1− e−λx, x ≥ 0

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�ê©Ùã�

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�ê©Ù�/ÃPÁ50

eX ∼ E(λ),K

P (X > s + t | X > s) = P (X > t)

¯¢þ

P (X > s + t | X > s) =
P (X > s + t, X > s)

P (X > s)
=

P (X > s + t)
P (X > s)

=
1− P (X ≤ s + t)

1− P (X ≤ s)
=

1− F (s + t)
1− F (s)

=
e−λ(s+t)

e−λs
= e−λt = P (X > t)

• �qr�ê©Ù¡�/[�c�0�©Ù.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�ê©Ù�/ÃPÁ50

eX ∼ E(λ),K

P (X > s + t | X > s) = P (X > t)

¯¢þ

P (X > s + t | X > s) =

P (X > s + t, X > s)
P (X > s)

=
P (X > s + t)

P (X > s)

=
1− P (X ≤ s + t)

1− P (X ≤ s)
=

1− F (s + t)
1− F (s)

=
e−λ(s+t)

e−λs
= e−λt = P (X > t)

• �qr�ê©Ù¡�/[�c�0�©Ù.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�ê©Ù�/ÃPÁ50

eX ∼ E(λ),K

P (X > s + t | X > s) = P (X > t)

¯¢þ

P (X > s + t | X > s) =
P (X > s + t, X > s)

P (X > s)
=

P (X > s + t)
P (X > s)

=
1− P (X ≤ s + t)

1− P (X ≤ s)
=

1− F (s + t)
1− F (s)

=
e−λ(s+t)

e−λs
= e−λt = P (X > t)

• �qr�ê©Ù¡�/[�c�0�©Ù.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�ê©Ù�/ÃPÁ50

eX ∼ E(λ),K

P (X > s + t | X > s) = P (X > t)

¯¢þ

P (X > s + t | X > s) =
P (X > s + t, X > s)

P (X > s)
=

P (X > s + t)
P (X > s)

=

1− P (X ≤ s + t)
1− P (X ≤ s)

=
1− F (s + t)

1− F (s)

=
e−λ(s+t)

e−λs
= e−λt = P (X > t)

• �qr�ê©Ù¡�/[�c�0�©Ù.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�ê©Ù�/ÃPÁ50

eX ∼ E(λ),K

P (X > s + t | X > s) = P (X > t)

¯¢þ

P (X > s + t | X > s) =
P (X > s + t, X > s)

P (X > s)
=

P (X > s + t)
P (X > s)

=
1− P (X ≤ s + t)

1− P (X ≤ s)
=

1− F (s + t)
1− F (s)

=
e−λ(s+t)

e−λs
= e−λt = P (X > t)

• �qr�ê©Ù¡�/[�c�0�©Ù.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�ê©Ù�/ÃPÁ50

eX ∼ E(λ),K

P (X > s + t | X > s) = P (X > t)

¯¢þ

P (X > s + t | X > s) =
P (X > s + t, X > s)

P (X > s)
=

P (X > s + t)
P (X > s)

=
1− P (X ≤ s + t)

1− P (X ≤ s)
=

1− F (s + t)
1− F (s)

=
e−λ(s+t)

e−λs
= e−λt = P (X > t)

• �qr�ê©Ù¡�/[�c�0�©Ù.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

³ç©Ù

p(x) =
λα

Γ(α)
xα−1e−λx, x ≥ 0

P�X ∼ Ga(α, λ),Ù¥α > 0, λ > 0.

Γ(α) =
∫ +∞
0 xα−1e−xdx�³ç¼ê.

5µ

• Γ(1) = 1, Γ(1/2) =
√

π, Γ(n + 1) = n!
• Ga(1, λ) = Exp(λ)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

³ç©Ù

p(x) =
λα

Γ(α)
xα−1e−λx, x ≥ 0

P�X ∼ Ga(α, λ),Ù¥α > 0, λ > 0.
Γ(α) =

∫ +∞
0 xα−1e−xdx�³ç¼ê.

5µ

• Γ(1) = 1, Γ(1/2) =
√

π, Γ(n + 1) = n!
• Ga(1, λ) = Exp(λ)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

³ç©Ù

p(x) =
λα

Γ(α)
xα−1e−λx, x ≥ 0

P�X ∼ Ga(α, λ),Ù¥α > 0, λ > 0.
Γ(α) =

∫ +∞
0 xα−1e−xdx�³ç¼ê.

5µ

• Γ(1) = 1, Γ(1/2) =
√

π, Γ(n + 1) = n!

• Ga(1, λ) = Exp(λ)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

³ç©Ù

p(x) =
λα

Γ(α)
xα−1e−λx, x ≥ 0

P�X ∼ Ga(α, λ),Ù¥α > 0, λ > 0.
Γ(α) =

∫ +∞
0 xα−1e−xdx�³ç¼ê.

5µ

• Γ(1) = 1, Γ(1/2) =
√

π, Γ(n + 1) = n!
• Ga(1, λ) = Exp(λ)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�©©Ù

p(x) =
1

B(a, b)
xa−1(1− x)b−1, 0 < x < 1

P�X ∼ Be(a, b),Ù¥a > 0, b > 0.

B(a, b) =
∫ 1
0 xa−1(1− x)b−1dx��©¼ê.

5µ

• B(a, b) = B(b, a)
•

B(a, b) =
Γ(a)Γ(b)
Γ(a + b)

• Be(1, 1) = U(0, 1)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�©©Ù

p(x) =
1

B(a, b)
xa−1(1− x)b−1, 0 < x < 1

P�X ∼ Be(a, b),Ù¥a > 0, b > 0.
B(a, b) =

∫ 1
0 xa−1(1− x)b−1dx��©¼ê.

5µ

• B(a, b) = B(b, a)

•
B(a, b) =

Γ(a)Γ(b)
Γ(a + b)

• Be(1, 1) = U(0, 1)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�©©Ù

p(x) =
1

B(a, b)
xa−1(1− x)b−1, 0 < x < 1

P�X ∼ Be(a, b),Ù¥a > 0, b > 0.
B(a, b) =

∫ 1
0 xa−1(1− x)b−1dx��©¼ê.

5µ

• B(a, b) = B(b, a)
•

B(a, b) =
Γ(a)Γ(b)
Γ(a + b)

• Be(1, 1) = U(0, 1)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�©©Ù

p(x) =
1

B(a, b)
xa−1(1− x)b−1, 0 < x < 1

P�X ∼ Be(a, b),Ù¥a > 0, b > 0.
B(a, b) =

∫ 1
0 xa−1(1− x)b−1dx��©¼ê.

5µ

• B(a, b) = B(b, a)
•

B(a, b) =
Γ(a)Γ(b)
Γ(a + b)

• Be(1, 1) = U(0, 1)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

g�K

þ°,ck9�¶p¥.�)ë\p�, (Jk5.4�¶��a
p�¹�. �Á÷©�600©§540©±þk2025<, 360©±e
k13500<. Á�Op�¹��$©.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Å�þ£õ��ÅCþ¤

½ÂµeX, Y ´ü�½Â3Ó�����mþ��ÅCþ§K
¡(X, Y ) ´ü��Å�þ.

Ón�½Ân ��Å�þ£n��ÅCþ¤.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Å�þ�éÜ©Ù¼ê

½Âµ(±e=?Øü��ÅCþ)
?é¢êx Úy ,¡

F (x, y) = P (X < x, Y < y)

�(X, Y ) �éÜ©Ù¼ê.

• 5¿µ
F (x, y)�(X, Y )á3:(x, y)��e«��VÇ

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

�Å�þ�éÜ©Ù¼ê

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

éÜ©Ù¼ê�Ä�5�

F (x, y)'uxÚy©OüNO. (üN5)

0 ≤ F (x, y) ≤ 1, �
F (−∞, y) = F (x,−∞) = 0, F (+∞,+∞) = 1. (k.5)

F (x, y) 'ux Úy©O�ëY (�ëY5)

�a < b, c < d �§k (�K5)
F (b, d)− F (b, c)− F (a, d) + F (a, c) ≥ 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

éÜ©Ù¼ê�Ä�5�

F (x, y)'uxÚy©OüNO. (üN5)

0 ≤ F (x, y) ≤ 1, �
F (−∞, y) = F (x,−∞) = 0, F (+∞,+∞) = 1. (k.5)

F (x, y) 'ux Úy©O�ëY (�ëY5)

�a < b, c < d �§k (�K5)
F (b, d)− F (b, c)− F (a, d) + F (a, c) ≥ 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

éÜ©Ù¼ê�Ä�5�

F (x, y)'uxÚy©OüNO. (üN5)

0 ≤ F (x, y) ≤ 1, �
F (−∞, y) = F (x,−∞) = 0, F (+∞,+∞) = 1. (k.5)

F (x, y) 'ux Úy©O�ëY (�ëY5)

�a < b, c < d �§k (�K5)
F (b, d)− F (b, c)− F (a, d) + F (a, c) ≥ 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

éÜ©Ù¼ê�Ä�5�

F (x, y)'uxÚy©OüNO. (üN5)

0 ≤ F (x, y) ≤ 1, �
F (−∞, y) = F (x,−∞) = 0, F (+∞,+∞) = 1. (k.5)

F (x, y) 'ux Úy©O�ëY (�ëY5)

�a < b, c < d �§k (�K5)
F (b, d)− F (b, c)− F (a, d) + F (a, c) ≥ 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

éÜ©Ù¼ê�Ä�5�

F (x, y)'uxÚy©OüNO. (üN5)

0 ≤ F (x, y) ≤ 1, �
F (−∞, y) = F (x,−∞) = 0, F (+∞,+∞) = 1. (k.5)

F (x, y) 'ux Úy©O�ëY (�ëY5)

�a < b, c < d �§k (�K5)
F (b, d)− F (b, c)− F (a, d) + F (a, c) ≥ 0.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

4.5¿

P (X > a, Y > c) 6= 1− F (a, c)

P (X > a, Y > c) = P (a < X < +∞, c < Y < +∞)

= 1− F (+∞, c)− F (a,+∞) + F (a, c)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

��lÑ�ÅCþéÜ©Ù�

e(X, Y )��U���k�é!½��é§K¡(X, Y )���
lÑ�ÅCþ.
¡pij = P (X = Xi, Y = yj), i, j = 1, 2, . . . , �(X,Y) �éÜ©Ù
�§ÙL�/ªXe:

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

éÜ©Ù��Ä�5�

(1) :
pij ≥ 0, i, j = 1, 2, . . .

(�K5)

(2) : ∑ ∑
pij = 1,

(�K5)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

(½éÜ©Ù���{

(1) (½�ÅCþ(X, Y) �¤k��êé.

(2) O��z�ê�é�VÇ

(3) �ÑL�.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.2.1

ò�qþ!�M1��4g§XL«�¡�þ�gê§YL«�
¡�þgê"¦(X, Y ) �éÜ©Ù�.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~())

)µ

VÇ�"�(X, Y ) �U��é�:

X Y ÙéA�VÇ©O�µ

0 4 P (X = 0, Y = 4) = 0.54 = 1/16
1 3 P (X = 1, Y = 3) = C1

4 × 0.5× 0.53 = 1/4
2 2 P (X = 2, Y = 2) = C2

4 × 0.52 × 0.52 = 6/16
3 1 P (X = 3, Y = 1) = C3

4 × 0.53 × 0.51 = 1/4
4 0 P (X = 4, Y = 0) = 0.54 = 1/16

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

7.~3.2.1())

)µ

�L�µ

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

éÜ�Ý¼ê

����ÅCþ(X, Y ) �©Ù¼ê�F (x, y)§e�3�K�È
¼êp(x, y)¦�

F (x, y) =
∫ x

−∞

∫ y

−∞
p(u, v)dvdu

K¡(X, Y ) ���ëY.�ÅCþ,¡p(x, y) �éÜ�Ý¼ê"

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

éÜ�Ý¼ê�Ä�5�

(1) :
p(x, y) ≥ 0.

(�K5)
(2) : ∫ +∞

−∞

∫ +∞

−∞
p(x, y)dxdy = 1,

(�K5)
• 5¿µ

P{(X, Y ) ∈ D} =
∫ ∫

D
p(x, y)dxdy

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

õ�©Ù

ezgÁ�kr «(J:A1, A2, . . . . . . , ArP

P (Ai) = pi, i = 1, 2, . . . . . . , r

PXi�ngÕáEÁ�¥Ai Ñy�gê.
K(X1, X2, . . . . . . , Xr)�éÜ©Ù��µ

P (X1 = n1, X2 = n2, . . . . . . , Xr = nr) =
n!

n1!n2! . . . nr!
pn1
1 pn2

2 . . . pnr
r

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

õ��AÛ©Ù

��¥kN �¥§©¤r a,1i«¥kNi �§

N1 + N2 + . . . · · ·+ Nr = N.

l¥?�n�§PXi��Ñ�n�¥¥§1i«¥��ê.
K(X1, X2, . . . . . . , Xr)�éÜ©Ù��µ

P (X1 = n1, X2 = n2, . . . . . . , Xr = nr) =

(
N1

n1

)(
N2

n2

)
. . . . . .

(
N
nr

)
Cn

N

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

õ��AÛ©Ù

��¥kN �¥§©¤r a,1i«¥kNi �§

N1 + N2 + . . . · · ·+ Nr = N.

l¥?�n�§PXi��Ñ�n�¥¥§1i«¥��ê.
K(X1, X2, . . . . . . , Xr)�éÜ©Ù��µ

P (X1 = n1, X2 = n2, . . . . . . , Xr = nr) =

(
N1

n1

)(
N2

n2

)
. . . . . .

(
N
nr

)
Cn

N

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

��þ!©Ù

e��ëY�ÅCþ(X, Y ) �éÜ�Ý�µ

p(x, y) =
{ 1

SD
, (x, y) ∈ D

0, else

Ù¥SD�D�¡È.K¡(X, Y ) ÑlDþ�þ!©Ù§P�

(X, Y ) ∼ U(D).

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

��þ!©Ù

e��ëY�ÅCþ(X, Y ) �éÜ�Ý�µ

p(x, y) =
{ 1

SD
, (x, y) ∈ D

0, else

Ù¥SD�D�¡È.K¡(X, Y ) ÑlDþ�þ!©Ù§P�

(X, Y ) ∼ U(D).

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

����©Ù

e��ëY�ÅCþ(X, Y) �éÜ�Ý�µ

p(x, y) = 1

2πσ1σ2

√
1−ρ2

exp

{
− 1

2(1−ρ2)

[
(x−µ1)2

σ2
1

+ (y−µ2)2

σ2
2

- 2 ρ (x−µ1)(y−µ2)
σ1σ2

]}
K¡(X, Y) Ñl����©Ù§P�

(X, Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

����©Ù�Ý¼êã

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.2.2

e

(X, Y ) ∼ p(x, y) =
{

6e−(2x+3y), x ≥ 0, y ≥ 0
0, else

Á¦P{(X, Y ) ∈ D},Ù¥D�2x + 3y ≤ 6

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.2.2())

)µ

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.2.3

����ÅCþ(X, Y ) ��Ý¼ê�:

p(x, y) =
{

e−y, 0 < x < y
0, else

¦VÇP{X + Y ≤ 1}.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

~3.2.3())

)µ

P{X + Y ≤ 1} =
∫ 1/2

0
dx

∫ 1−x

x
e−ydy

= 1 + e−1 − 2e−
1
2

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

>S©Ù

®����ÅCþ(X, Y ) �©Ù§
´Ä�d(X, Y )�éÜ©Ù¦ÑX ÚY�g�©Ùº

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

>S©Ù¼ê

s�(X, Y ) �éÜ©Ù¼ê�F (x, y) K

X ∼ FX(x) = F (x,+∞)

Y ∼ FY (y) = F (+∞, y)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

>S©Ù�

s�(X, Y ) �éÜ©Ù��pij K

X�©Ù��µ

pi = P (X = xi) =
+∞∑
j=1

pij = pi.

Y �©Ù��µ

pj = P (Y = yj) =
+∞∑
i=1

pij = p.j

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

>S©Ù�ã

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

>S�Ý¼ê

s�(X, Y ) �éÜ�Ý¼ê�p(x, y)
K

X ��Ý¼ê�µ

p(x) =
∫ +∞

−∞
p(x, y)dy

Y ��Ý¼ê�µ

p(y) =
∫ +∞

−∞
p(x, y)dx

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿

déÜ©Ù�±¦Ñ>S©Ù.

�d>S©Ù��Ã{¦ÑéÜ©Ù.

¤±éÜ©Ù�¹�õ�&E.

����©Ù�>S©Ù´����µe

(X, Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

K

X ∼ N(µ1, σ
2
1), Y ∼ N(µ2, σ

2
2)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿

déÜ©Ù�±¦Ñ>S©Ù.

�d>S©Ù��Ã{¦ÑéÜ©Ù.

¤±éÜ©Ù�¹�õ�&E.

����©Ù�>S©Ù´����µe

(X, Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

K

X ∼ N(µ1, σ
2
1), Y ∼ N(µ2, σ

2
2)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿

déÜ©Ù�±¦Ñ>S©Ù.

�d>S©Ù��Ã{¦ÑéÜ©Ù.

¤±éÜ©Ù�¹�õ�&E.

����©Ù�>S©Ù´����µe

(X, Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

K

X ∼ N(µ1, σ
2
1), Y ∼ N(µ2, σ

2
2)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿

déÜ©Ù�±¦Ñ>S©Ù.

�d>S©Ù��Ã{¦ÑéÜ©Ù.

¤±éÜ©Ù�¹�õ�&E.

����©Ù�>S©Ù´����µe

(X, Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

K

X ∼ N(µ1, σ
2
1), Y ∼ N(µ2, σ

2
2)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5¿

déÜ©Ù�±¦Ñ>S©Ù.

�d>S©Ù��Ã{¦ÑéÜ©Ù.

¤±éÜ©Ù�¹�õ�&E.

����©Ù�>S©Ù´����µe

(X, Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

K

X ∼ N(µ1, σ
2
1), Y ∼ N(µ2, σ

2
2)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

19.y²

fX(x) =
e−x2/2(1−ρ2)

2π
√

1− ρ2

∫ ∞

−∞
e−(y2−2ρxy)/2(1−ρ2)dy

=
e−x2/2(1−ρ2)

2π
√

1− ρ2

∫ ∞

−∞
e−(y2−2ρxy+ρ2x2−ρ2x2)/2(1−ρ2)dy

=
e−x2(1−ρ2)/2(1−ρ2)

2π
√

1− ρ2

∫ ∞

−∞

e−(y−ρx)2/2(1−ρ2)√
2π(1− ρ2)

dy

=
1√
2π

e−x2/2

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

19.~

(��þ!©Ù�>S©ÙØ�½´��þ!©Ù.) �(X, Y )Ñ
l«�D = {(x, y), x2 + y2 < 1} þ�þ!©Ù§¦X�>S�
Ýp(x).

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

19.~())

)µdK¿�

p(x, y) =
{

1
π , x2 + y2 ≤ 1
0, else

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

19.~())

�| x |> 1�§p(x, y) = 0§¤±p(x) = 0

�| x |≤ 1�§

p(x) =
∫ √

1−x2

−
√

1−x2

1
π

dy =
2
π

√
1− x2

Ø´þ!©Ù

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.^�©Ù(1)

��lÑr.v.�^�©ÙÆ
���lÑ.r.v.(X, Y )�©Ù

P (X = xi, Y = yj) = pij , i, j = 1, 2, . . .

e pi. = P (X = xi) =
∑∞

j=1 pij > 0 K¡

P (X = xi, Y = yj)
P (X = xi)

=
pij

pi.
= P (Y = yj | X = xi) j = 1, 2, . . .

�3X = xi �^�e, Y �^�©ÙÆ

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.^�©Ù(2)

e p.j = P (Y = yi) =
∑∞

i=1 pij > 0 K¡

P (X = xi, Y = yj)
P (Y = yj

=
pij

p.j
= P (X = xi | Y = yj) j = 1, 2, . . .

�3Y = yj �^�e, X �^�©ÙÆ

P (X = xi, Y = yj) = P (X = xi)P (Y = yj | X = xi)

= P (Y = yi)P (X = xi | Y = yj), i, j = 1, 2, . . .

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.^�©Ù(3)

P (X = xi) =
∞∑

j=1

pij =
∞∑

j=1

P (X = xi, Y = yj)

=
∞∑

j=1

P (X = xi | Y = yj)P (Y = yj), i, j = 1, 2, . . .

P (Y = yj) =
∞∑
i=1

pij =
∞∑
i=1

P (X = xi, Y = yj)

=
∞∑
i=1

P (Y = yj | X = xi)P (X = xi), i, j = 1, 2, . . .

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.~

rn�¥��U/�\?Ò�1, 2, 3�n�Ýf¥, zÝ�N¥
êÃ�. PX �á\1ÒÝ�¥ê, Y �á\2 ÒÝ�¥ê§¦

(1) 3Y = 0 �^�e§X�©ÙÆ¶

(2) 3X = 2�^�e§Y�©ÙÆ.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

21.¦)(1)

k¦éÜ©Ù§

P (X = i, Y = j) = P (X = i)P (Y = j | X = i)

= Ci
3

(
1
3

)i(2
3

)3−i

Cj
3−i

(
1
2

)j(1
2

)3−i−j

,j = 0, . . . , 3− i; i = 0, 1, 2, 3; ÙéÜ©Ù�>�©ÙXeL¤«

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

21.¦)(1)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

21.¦)(2)

P (X = i | Y = 0) =
P (X = i, Y = 0)

P (Y = 0)

=
P (X = i, Y = 0)

8/27
i = 0, 1, 2, 3

òL¥1�1êâ�\�^�©Ù:
X 0 1 2 3

P (X = i | Y = 0) 1/8 3/8 3/8 1/8

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

21.¦)(3)

�X = 2�§Y��U�0�1.òL¥1n�êâ�\eª

P (Y = j | X = 2) =
P (X = 2, Y = j)

2/9
, j = 0, 1

�Y �^�©Ù:
X 0 1

P (Y = j | X = 2) 1/2 1/2

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

22.��ëY.�ÅCþ�^�©ÙÚ^��Ý

�X ëY�, ^�©ÙØU^P (X = xi | Y = yj) 5½Â, Ï�

P (X = xi | Y = yj) ≡ 0

AT^

P (X ≤ x | Y = y)

5½Â.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

23.^��Ýúªí�

� 4y > 0
P (X ≤ x | y −4y < Y ≤ y)

=
P (X ≤ x, y −4y < Y ≤ y)

P (y −4y < Y ≤ y)

=
F (x, y)− F (x, y −4y)
FY (y)− FY (y −4y)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

23.^��Ýúªí�(Y)

lim
4y→0+

[
F (x, y −4y)− F (x, y)

]
/(−4y)[

FY (y −4y)− FY (y)
]
/(−4y)

=
∂F (x,y)

∂y

dFY (y)
dy

=

∫ x
−∞ f(u, y)du

fY (y)

= P (X ≤ x | Y = y)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

24.^�©Ù¼ê

ef(x, y) 3:(x, y) ëY, fY (y)3:y?ëY�fY (y) > 0, K¡

∂F (x,y)
∂y

dFY (y)
dy

=

∫ x
−∞ f(u, y)du

fY (y)
=

∫ x

−∞

f(u, y)
fY (y)

du

�Y = y �§X�^�©Ù¼ê, P�

FX|Y (x | y) =
∫ x

−∞

f(u, y)
fY (y)

du

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

25.^�©Ù¼ê(Y¤

¡

fX|Y (x | y) =
f(x, y)
fY (y)

�Y = y �^�eX �^�p.d.f.aq/, ¡

FY |X(y | x) =
∫ y

−∞

f(x, ν)
fX(x)

dν

�X = x�^�eY�^�©Ù¼ê;¡

fY |X(y | x) =
f(x, y)
fX(x)

�X = x �^�eY�^�p.d.f.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

26.5¿(1)

• FX|Y (x | y), fX|Y (x | y) =´x�¼ê,y´~ê, éz
�fY (y) > 0 �y ?, ��ÎÜ½Â�^�, ÑU½Â�A�¼ê.
FY |X(y | x), fY |X(y | x)��Øã.

f(x, y) = fX(x)fY |X(y | x) fX(x) > 0

= fY (y)fX|Y (x | y) fY (y) > 0

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

26.5¿(2)

fX(x) =
∫ +∞

−∞
f(x, y)dy =

∫ +∞

−∞
fX|Y (x | y)fY (y)dy

fY (y) =
∫ +∞

−∞
f(x, y)dx =

∫ +∞

−∞
fY |X(y | x)fX(x)dx

fX|Y (x | y) =
f(x, y)
fY (y)

=
fY |X(y | x)fX(x)

fY (y)

fY |X(y | x) =
f(x, y)
fX(x)

=
fX|Y (x | y)fY (y)

fX(x)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

27.~2

®�(X, Y )Ñl��x2 + y2 ≤ r2þ�þ!©

Ù,¦fX|Y (x | y), fY |X(y | x)
):

f(x, y) =
{

1
πr2 , x2 + y2 < r2

0, else

dc~�µ

fX(x) =
∫ +∞

−∞
f(x, y)dy =

{
2
√

r2−x2

πr2 , −r < x < r
0, else

Ónµ

fY (y) =
∫ +∞

−∞
f(x, y)dx =

{
2
√

r2−y2

πr2 , −r < y < r
0, else

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

27.~2(Y)

u´d^�©Ù�½Â�µ�r < y < r �§

fX|Y (x | y) =
f(x, y)
fY (y)

=

{
1

2
√

r2−y2
, −

√
r2 − y2 < x <

√
r2 − y2

0, else

−−−ùpy´~ê§�Y = y�§X ∼ U(−
√

r2 − y2,
√

r2 − y2)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

27.~2(Y)

�r < x < r �§

fY |X(y | x) =
f(x, y)
fX(x)

=

{
1

2
√

r2−x2
, −

√
r2 − x2 < y <

√
r2 − x2

0, else

−−−ùpx´~ê§�X = x�§Y ∼ U(−
√

r2 − x2,
√

r2 − x2)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

28.~3

®�(X, Y ) ∼ N(µ1, σ
2
1;µ2, σ

2
2; ρ)

¦fX|Y (x | y)
):

fX|Y (x | y) =
f(x, y)
fY (y)

=

1

2πσ1σ2

√
1−ρ2

e

− 1
2(1−ρ2)

[
(x−µ1)2

σ2
1

+
(y−µ2)2

σ2
2

−2ρ
(x−µ1)(y−µ2)

σ1σ2

]

1√
2πσ2

e
− (y−µ2)2

2σ2
2

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

28.~3(Y)

=
1

√
2πσ1

√
1− ρ2

e
− 1

2σ2
1(1−ρ2)

[
(x−µ1)−ρ

σ1
σ2

(y−µ2)

]2

fX|Y (x | y) ∼ N

(
µ1 +

σ1

σ2
(y − µ2), σ2

1(1− ρ2)
)

Ón§

fY |X(y | x) ∼ N

(
µ2 +

σ2

σ1
(x− µ1), σ2

2(1− ρ2)
)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

29.~4

f(x, y) =
{

8xy, 0 ≤ x ≤ y, 0 ≤ y ≤ 1
0, else

¦fX|Y (x | y), fY |X(y | x)
):

fX(x) =
{ ∫ 1

x 8xydy, 0 ≤ x ≤ 1
0, else

=
{

4x(1− x2), 0 ≤ x ≤ 1
0, else

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

29.~4(Y)

fY (y) =
{ ∫ y

0 8xydx, 0 ≤ y ≤ 1
0, else

=
{

4y3, 0 ≤ y ≤ 1
0, else

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

29.~4(Y)

�0 < y < 1�§

fX|Y (x | y) =
f(x, y)
fY (y)

=
{ 2x

y2 , 0 ≤ x ≤ y

0, else

�0 < x < 1 �§

fY |X(y | x) =
f(x, y)
fX(x)

=
{ 2y

1−x2 , x ≤ y ≤ 1
0, else

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

30.�ÅCþm�Õá5

ü�r.v. ��pÕá5
½Â:�(X, Y )���r.v. eé?Û¢êx, y Ñk

P (X < x, Y < y) = P (X < x)P (Y < y)

K¡r.v.XÚY �pÕá
d½Â�:��r.v.(X, Y ) �pÕá⇐⇒

F (x, y) = FX(x)FY (y)

⇐⇒

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

31.�ÅCþÕá�äNL�

lÑ. X�Y Õá⇐⇒ é��i, j k

pij = pi.p.j

=: P (X = xi, Y = yj) = P (X = xi, Y = yj)
ëY. X�Y Õá⇐⇒ é?Ûx, y k

f(x, y) = fX(x)fY (y) (a.e)

• ���ÅCþ( X, Y ) �pÕá, K>�©Ù��(½éÜ©
Ù. ��ëYr.v.(X, Y ) �pÕá=⇒

fX(x) = fX|Y (x | y) (fY (y) > 0)

fY (y) = fY |X(y | x) (fX(x) > 0)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.5¿

X �Y´Õá�Ù��´µ?é¢êa, b, c, dk

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

X �Y ´Õá�§Kg(X)�h(Y )�´Õá�.

eéÜ�Ýp(x, y) �©lCþ§=

p(x, y) = g(x)h(y)

KX�Y Õá"

e(X, Y ) Ñl����N(µ1, µ2, σ
2
1, σ

2
2, ρ) KX�Y Õá

�¿�^�´

ρ = 0

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.5¿

X �Y´Õá�Ù��´µ?é¢êa, b, c, dk

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

X �Y ´Õá�§Kg(X)�h(Y )�´Õá�.

eéÜ�Ýp(x, y) �©lCþ§=

p(x, y) = g(x)h(y)

KX�Y Õá"

e(X, Y ) Ñl����N(µ1, µ2, σ
2
1, σ

2
2, ρ) KX�Y Õá

�¿�^�´

ρ = 0

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.5¿

X �Y´Õá�Ù��´µ?é¢êa, b, c, dk

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

X �Y ´Õá�§Kg(X)�h(Y )�´Õá�.

eéÜ�Ýp(x, y) �©lCþ§=

p(x, y) = g(x)h(y)

KX�Y Õá"

e(X, Y ) Ñl����N(µ1, µ2, σ
2
1, σ

2
2, ρ) KX�Y Õá

�¿�^�´

ρ = 0

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.5¿

X �Y´Õá�Ù��´µ?é¢êa, b, c, dk

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

X �Y ´Õá�§Kg(X)�h(Y )�´Õá�.

eéÜ�Ýp(x, y) �©lCþ§=

p(x, y) = g(x)h(y)

KX�Y Õá"

e(X, Y ) Ñl����N(µ1, µ2, σ
2
1, σ

2
2, ρ) KX�Y Õá

�¿�^�´

ρ = 0

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.5¿

X �Y´Õá�Ù��´µ?é¢êa, b, c, dk

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

X �Y ´Õá�§Kg(X)�h(Y )�´Õá�.

eéÜ�Ýp(x, y) �©lCþ§=

p(x, y) = g(x)h(y)

KX�Y Õá"

e(X, Y ) Ñl����N(µ1, µ2, σ
2
1, σ

2
2, ρ) KX�Y Õá

�¿�^�´

ρ = 0

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

33.~

(X, Y ) �éÜ©Ù��:

¯X�Y ´ÄÕáº
):>S©Ù�©O�:

Ï�P (X = 0, Y = 0) = 0.3
P (X = 0)P (Y = 0) = 0.7× 0.5 = 0.35 ¤±ØÕá

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

34.~

®�(X, Y) �éÜ�Ý�

p(x, y) =
{

e−x−y, 0x > 0, y > 0
0, else

¯X �Y ´ÄÕáº
): >S©Ù�Ý©O�:

p(x) =
{ ∫ +∞

0 e−(x+y)dy = e−x, x > 0
0, x ≤ 0

p(y) =
{

e−y, y > 0
0, y ≤ 0

¤±X �Y Õá,5¿µp(x, y) �©lCþ.

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

35.·K

(X, Y ) ∼ N(µ1, σ
2
1;µ2, σ

2
2; ρ) �pÕá⇐⇒ ρ = 0

y:é?Ûx, yk

1

2πσ1σ2

√
1− ρ2

e

− 1
2(1−ρ2)

[
(x−µ1)2

σ2
1

+
(y−µ2)2

σ2
2

−2ρ
(x−µ1)(y−µ2)

σ1σ2

]

=
1√

2πσ1

e
− (x−µ1)2

2σ2
1

1√
2πσ2

e
− (y−µ2)2

2σ2
2

Ü # ) VÇØÄ:
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35.·K(Y)

�x = µ1, y = µ2

1

2πσ1σ2

√
1− ρ2

=
1√

2πσ1

1√
2πσ2

�

ρ = 0

òρ = 0�\f(x, y) =�

f(x, y) = fX(x)fY (y)

Ü # ) VÇØÄ:
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36.·K

�f(x, y)´ëY��r.v.(X, Y )�éÜd.f.r(x), g(y)��K�È
¼ê, �

f(x, y) = r(x)g(y) (a.e)

KX, Y�pÕá,�

fX(x) =
r(x)∫ +∞

−∞ r(x)dx
(a.e)

Ü # ) VÇØÄ:
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36.·K(Y)

fY (y) =
g(y)∫ +∞

−∞ g(y)dy
(a.e)

éu©Ù¼ê�kaq(J:�F (x, y)´��ëYr.v.(X, Y )�é
Ü©Ù¼ê, K(X, Y )�pÕá�¿�^��

F (x, y) = R(x)G(y)

�

FX(x) =
R(x)

r(+∞)

FY (y) =
G(y)

G(+∞)

Ü # ) VÇØÄ:
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37.·K

�X, Y ��pÕá�r.v.u(x), v(y) �ëY¼ê,
KU = u(X), V = v(Y ) ��pÕá.=

Õár.v.�ëY¼êEÕá.

Ü # ) VÇØÄ:
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38.y²

Ø��(X, Y )´ëY.�Å�þ§

f(x, y) = fX(x)fY (y)

Ïd§FUV (u, v) = P (U ≤ u, V ≤ v)
= P (u(X) ≤ u, v(Y ) ≤ v)
=

∫ ∫
u(x)≤u,v(y)≤v fX(x)fY (y)dxdy

= P (u(X) ≤ u)P (v(Y ) ≤ v) = FU (u)FV (v)
XµeX, Y ��pÕá�r.v.,KaX + b, cY + d��pÕ
á¶X2, Y2 ��pÕá¶

Ü # ) VÇØÄ:
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39.~

®�(X, Y ) �éÜd.f.�

f2(x, y) =
{

8xy, 0 < x < y, 0 < y < 1
0, else

?ØX, Y ´ÄÕáº

Ü # ) VÇØÄ:
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40.)

dã�>�d.f. �

fX(x) =
{

4x(1− x2), 0 ≤ x ≤ 1
0, else

fY (y) =
{

4y3, 0 ≤ y ≤ 1
0, else

w,§

f2(x, y) 6= fX(x)fY (y)

�X, Y ØÕá
Ü # ) VÇØÄ:
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1.lÑ.�ÅCþ¼ê�©Ù�

�r.v.X �©Ù��

P (X = xk) = pk, k = 1, 2, . . .

d®�¼êg(x)�¦Ñr.v.Y �¤k�U��§KY �VÇ©Ù
�

P (Y = yi) =
∑

k:g(xk)=yi

pk, i = 1, 2, . . .

Ü # ) VÇØÄ:
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2.~

®�X�VÇ©Ù�

¦Y = X2 �©Ù�

)µ

Ü # ) VÇØÄ:
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3.ëY5r.v.¼ê�©Ù

®�X�d.f . f(x) ½©Ù¼ê,¦Y = g(X) �d.f.

�{µ

• l©Ù¼êÑu

• ^úª��¦d.f.

Ü # ) VÇØÄ:
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4.~

®�X�d.f .�fX(x), Y = aX + b, a, b�~ê§�a 6= 0,¦fY (y)
):FY (y) = P (Y < y)

= P (aX + b < y)
�a > 0 �§

FY (y) = P

(
X ≤ 1

a
(y − b)

)

= FX

(
1
a
(y − b)

)
=⇒ fY (y) = 1

afX

(
1
a(y − b)

)

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

4.~(Y)

�a < 0 �§

FY (y) = P

(
X >

1
a
(y − b)

)

= 1− FX

(
1
a
(y − b)

)
=⇒ fY (y) = − 1

afX

(
1
a(y − b)

)
�

fY (y) =
1
| a |

fX

(
1
a
(y − b)

)

Ü # ) VÇØÄ:
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5.~

®�X ∼ N(0, 1), Y = X2,¦fY (y)
):l©Ù¼êÑu,FY (y) = P (Y < y)

�y < 0 �§FY (y) = 0
�y > 0 �§

FY (y) = P (X2 < y)

= P (−√y < x <
√

y)

= FX(
√

y)− FX(−√y)

Ü # ) VÇØÄ:
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5.~(Y)

l

FY (y) =
{

0, y ≤ 0
FX(

√
y)− FX(−√y), y > 0

�

fY (y) =

 0, y ≤ 0
1

2
√

y

(
fX(

√
y) + fX(−√y)

)
, y > 0

fY (y) =

{
0, y ≤ 0

1
2
√

πy1/2 e−
y
2 , y > 0

Ü # ) VÇØÄ:
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6.~

Y = cos(X),XÑl«m(0, 2π]�þ!©Ù
Y = cos(X)3«m−1 < y < 1þkü��¼ê, →
x0 = cos−1(y), x1 = 2π − x0

dy

dx
|x0 = − sin(x0) = − sin(cos−1(y)) = −

√
1− y2

dy

dx
|x1 = − sin(2π − x0) = sin(x0) =

√
1− y2

fX(x) =
1
2π

∴ fY (y) = 1
2π

1√
1−y2

+ 1
2π

1√
1−y2

= 1

π
√

1−y2
,e−1 < y < 1

Ü # ) VÇØÄ:
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6.~(Y)

FY (y) =
∫ y
−∞ fY (y)dy

=
∫ −1
−∞ fY (y)dy +

∫ y
−1 fY (y)dy

= 0 +
∫ y
−1 fY (y)dy

=
∫ y
−1

1

π
√

1−y2
dy

=
[

1
π sin−1 y

]y

−1

= 1
2 + 1

π sin−1 y

FY (y) =


0, y < −1
1
2 + sin−1 y

π , −1 ≤ y ≤ 1
1, y > 1

Ü # ) VÇØÄ:
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7.���ÅCþC�

¯K:®����ÅCþ(X, Y ) �©Ù§XÛ¦
ÑZ = g(X, Y )�©Ùº

�{:ò�Zk'�¯�=z¤X §Y�¯�"

Ü # ) VÇØÄ:
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8.lÑ�ëY�/

• �(X, Y )�lÑr.v.�, Z�lÑ

Z = zk = g(xik , yjk
)

P (Z = zk) =
∑

g(xik
,yjk

)=zk

P (X = xik , Y = yjk
) k = 1, 2, . . .

• �(X, Y )�ëYr.v.�§

FZ(z) = P (Z < z) = P (g(X, Y ) < z)

=
∫∫

Dz

f(x, y)dxdy

Ù¥Dz : {(x, y) | g(x, y) < z}

Ü # ) VÇØÄ:
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9.~

�X�Y Õá§�X, Y ��U/��0,Ú1.
¦Z = max(X, Y )�©Ù�.
):

Z = max(X, Y )����:0, 1
P (Z = 0) = P (X = 0, Y = 0) = P (X = 0)(Y = 0) = 1/4
P (Z = 1) = P (X = 0, Y = 1) + P (X = 1, Y = 0) + P (X =
1, Y = 1) = 3/4

Ü # ) VÇØÄ:
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10.4�©Ù

�X1, X2, . . . . . . Xn, ÕáÓ©Ù§Ù©Ù¼êÚ�Ý¼ê©O
�FX(x) ÚpX(x).
ePY = max(X1, X2, . . . . . . Xn), Z = min(X1, X2, . . . . . . Xn)
• KY �©Ù¼ê�:FY (y) = [FX(y)]n

• Y ��Ý¼ê�:pY (y) = n[FX(y)]n−1pX(y)
• Z �©Ù¼ê�:FZ(z) = 1− [1− FX(z)]n

• Z ��Ý¼ê�:pZ(z) = n[1− FX(z)]n−1pX(z)

Ü # ) VÇØÄ:
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11.4�©Ùí�

�ëY�ÅCþX, Y �pÕá,
X ∼ FX(x), Y ∼ FY (y),M = max{X, Y }, N = min{X, Y },
¦M,N �©Ù¼ê.

FM (u) = P (max{X, Y } < u)

= P (X < u, Y < u)

= P (X < u)P (Y < u)

= FX(u)FY (u)

Ü # ) VÇØÄ:
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11.4�©Ùí�(Y)

FN (ν) = P (min{X, Y } < ν)

= 1− P (min{X, Y } > ν)

= 1− P (X ≥ ν, Y ≥ ν)

= 1− P (X ≥ ν)P (Y ≥ ν)

= 1− [1− FX(ν)][1− FY (ν)].

Ü # ) VÇØÄ:
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12.Ú�©Ù

Z = X + Y , ¦FZ(z) ÚfZ(z)

FZ(z) = P [Z < z] = P [X + Y < z]

FZ(z) =
∫ ∞

−∞

∫ z−x′

−∞
fX,Y (x′, y′)dy′dx′

fZ(z) =
d

dz
FZ(z) =

∫ ∞

−∞
fX,Y (x′, z − x′)dx′

XJX ÚY �pÕ§K

→ fZ(z) =
∫∞
−∞ fX(x′)fY (z − x′)dx′

Ü # ) VÇØÄ:
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12.Ú�©Ù(Y)

�lÑ�ÅCþX �Y Õá§KZ = X + Y �©Ù��

P (Z = zl) =
∞∑
i=1

P (X = xi)P (Y = zl − xi)

=
∞∑

j=1

P (X = zl − yj)P (Y = yj)

Ü # ) VÇØÄ:
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13.òÈúª�A^

�X�Y ´ÕáÓ©Ù�IO��Cþ§¦Z = X + Y�©
Ù.
)µ

pZ(z) =
∫ ∞

−∞
pX(x)pY (z − x)dx

=
∫ ∞

−∞

1√
2π

exp

{
−x2

2

}
1√
2π

exp

{
−(z − x)2

2

}

= . . . · · · = 1√
2
√

2π
exp

{
− z2

2× 2

}
¤±

Z = X + Y ∼ N(0, 2).

Ü # ) VÇØÄ:
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14.Õá��Cþ��5|ÜE���Cþ

Xi ∼ N(µi, σ
2
i ), i = 1, 2, . . . , n. �Xi m�pÕá, ¢

êa1, a2, . . . , anØ��", K

n∑
i=1

aiXi ∼ N

( n∑
i=1

aiµi,

n∑
i=1

a2
i σ

2
i

)

Ü # ) VÇØÄ:
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15. ~

�X �Y �pÕá, �X ∼ B(n, p), Y ∼ B(m, p)
K

X + Y ∼ B(n + m, p)

yZ = X + Y��U���:0, 1, 2, . . . , n + m

P (Z = k) =
k∑

i=0

P (X = i, Y = k − j)

=
k∑

i=0

P (X = i)P (Y = k − j)

=
k∑

i=0

Ci
npi(1− p)n−iCk−i

m pk−i(1− p)m−k+i

∑k
i=0 Ci

nCk−i
m =Ck

n+m= Ck
n+mpk(1− p)n+m−k

k = 0, 1, 2, . . . . . . , n + m ¤±X + Y ∼ B(n + m, p)
Ü # ) VÇØÄ:
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16. ¯Kn

®�(X, Y ) �©Ù§�Ä(X, Y ) �¼ê{
U = g1(X, Y )
V = g1(X, Y )

¦(U, V ) �©Ù.

Ü # ) VÇØÄ:
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17. �Å�þC�úª

e

{
u = g1(x, y)
v = g1(x, y)

këY �!�3�¼ê

{
x = x(u, v)
y = y(u, v)

K(U, V ) �éÜ�Ý�

pUV (u, v) = pXY (x(u, v), y(u, v)) | J |

Ù¥J�C��ä�'1�ªµ

J =
∂(x, y)
∂(u, v)

=
(

∂(u, v)
∂(x, y)

)−1

Ü # ) VÇØÄ:
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17. ���Å�þ��5C�µ

V = aX + bY
W = cX + dY

,

[
V
W

]
=

[
a b
c d

] [
X
Y

]
A =

[
a b
c d

]
, | ae− bc |6= 0[

x
y

]
= A−1

[
v
w

]

Ü # ) VÇØÄ:
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17. ���Å�þ��5C�(Y)

Ü # ) VÇØÄ:
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17. ���Å�þ��5C�(Y)

fX,Y (x, y)dxdy
∼= fV,W (v, w)dP

dP : ²1o>/�¡È

fV,W (v, w) =
fX,Y (x, y)
| dP

dxdy |
, | dP

dxdy
|= | ae− bc | dxdy

dxdy
=| ae−bc |=| A |

���/µZ = AX

fZ(z) =
fX(A−1z)
| A |

Ü # ) VÇØÄ:
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18.~

X, Y : �pÕá�IO��©§½Âµ

V = (X2 + Y 2)1/2

W = arctan(X/Y )

¦µ(V,W )�éÜ©Ù�Ý)µx = v cos w, y = v sinw

J(v, w) = | cos w −v sinw
sinw v cos w

|= v

Ü # ) VÇØÄ:
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18.~(Y)

fV,W (v, w) = fX,Y (x(v, w), y(v, w))| J(v, w) |

=
v

2π
e−(v2 cos2 w+v2 sin2 w)/2

=
1
2π

ve−v2/2 v ≥ 0, 0 ≤ w ≤ 2π

fV (v) = ve−v2/2 v ≥ 0 =⇒

V:Rayleigh �ÅCþ
W:(0, 2π)þ�þ!©Ù

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

19.OÖCþ{

e�¦U = g1(X, Y ) ��ÝpU (u)§�OÖ��C
þV = g2(X, Y )§k^CþC�{¦Ñ(U, V )�éÜ�
ÝpUV (u, v)§,�2déÜ�ÝpUV (u, v)§�¦Ñ>S�
ÝpU (u)

^d�{�±¦ÑòÈúª!È�úª!û�úª

Ü # ) VÇØÄ:



�ÅCþ�©Ù¼ê �ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.û�©Ù

®�(X, Y )�éÜd.f.f(x, y)§-Z = X/Y ,¦fZ(z){
Z = X/Y
V = Y

⇒
{

X = ZV
Y = V

⇒| J |=| v |

fZV (z, v) = f(zv, v) | v |

fZ(z) =
∫ +∞

−∞
fZV (z, v)dv =

∫ +∞

−∞
f(zu, v) | v | dv

Ü # ) VÇØÄ:
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