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có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

7.¯��p½

AB = Ø—A�Bp½⇐⇒ A,BØ�UÓ�u)

A1, A2, . . . , Anüüp½⇐⇒
AiAj = Ø, i 6= j, i, j = 1, 2, . . . , n

A1, A2, . . . , An, . . . üüp½⇐⇒
AiAj = Ø, i 6= j, i, j = 1, 2, . . .

Figure: Venn diagram

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

7.¯��p½

AB = Ø—A�Bp½⇐⇒ A,BØ�UÓ�u)

A1, A2, . . . , Anüüp½⇐⇒
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A1, A2, . . . , An, . . . üüp½⇐⇒
AiAj = Ø, i 6= j, i, j = 1, 2, . . .

Figure: Venn diagram

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

7.¯��p½

AB = Ø—A�Bp½⇐⇒ A,BØ�UÓ�u)

A1, A2, . . . , Anüüp½⇐⇒
AiAj = Ø, i 6= j, i, j = 1, 2, . . . , n

A1, A2, . . . , An, . . . üüp½⇐⇒
AiAj = Ø, i 6= j, i, j = 1, 2, . . .

Figure: Venn diagram

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

8.¯��éá

AB = Ø, A ∪B = Ω—A�B��péá�ü�¯�
⇐⇒zgÁ�A§Bk��k��u)§¡B�A�éá¯�
£_¯�¤§P�µB = Ā

5¿µ”A�B�pÕá�”A�B” p½´ØÓ�Vg"

Figure: Venn diagram

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

8.¯��éá

AB = Ø, A ∪B = Ω—A�B��péá�ü�¯�
⇐⇒zgÁ�A§Bk��k��u)§¡B�A�éá¯�
£_¯�¤§P�µB = Ā

5¿µ”A�B�pÕá�”A�B” p½´ØÓ�Vg"

Figure: Venn diagram

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

8.¯��éá

AB = Ø, A ∪B = Ω—A�B��péá�ü�¯�
⇐⇒zgÁ�A§Bk��k��u)§¡B�A�éá¯�
£_¯�¤§P�µB = Ā

5¿µ”A�B�pÕá�”A�B” p½´ØÓ�Vg"

Figure: Venn diagram

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

9.��¯�|

eA1, A2, . . . , An üüp½§�Ω =
⋃n
i=1Ai

K¡A1, A2, . . . , An���¯�|§½¡A1, A2, . . . , An�Ω��
�y©"

Figure: Venn diagram

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

10.~^8Ü$��ª

Figure: Venn diagram

A ∪ Ω = Ω A ∩ Ω = A

A ∪Ø = A A ∩Ø = Ø

A ∪ (AB) = A A ∩ (A ∪B) = A ¯̄A = A

A ∪A = A A ∩A = A

A−B = AB̄ = A− (AB)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

10.~^8Ü$��ª

Figure: Venn diagram

A ∪ Ω = Ω A ∩ Ω = A

A ∪Ø = A A ∩Ø = Ø

A ∪ (AB) = A A ∩ (A ∪B) = A ¯̄A = A

A ∪A = A A ∩A = A

A−B = AB̄ = A− (AB)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

10.~^8Ü$��ª

Figure: Venn diagram

A ∪ Ω = Ω A ∩ Ω = A

A ∪Ø = A A ∩Ø = Ø

A ∪ (AB) = A A ∩ (A ∪B) = A ¯̄A = A

A ∪A = A A ∩A = A

A−B = AB̄ = A− (AB)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

10.~^8Ü$��ª

Figure: Venn diagram

A ∪ Ω = Ω A ∩ Ω = A

A ∪Ø = A A ∩Ø = Ø

A ∪ (AB) = A A ∩ (A ∪B) = A ¯̄A = A

A ∪A = A A ∩A = A

A−B = AB̄ = A− (AB)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

10.~^8Ü$��ª

Figure: Venn diagram

A ∪ Ω = Ω A ∩ Ω = A

A ∪Ø = A A ∩Ø = Ø

A ∪ (AB) = A A ∩ (A ∪B) = A ¯̄A = A

A ∪A = A A ∩A = A

A−B = AB̄ = A− (AB)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

10.~^8Ü$��ª

Figure: Venn diagram

A ∪ Ω = Ω A ∩ Ω = A

A ∪Ø = A A ∩Ø = Ø

A ∪ (AB) = A A ∩ (A ∪B) = A ¯̄A = A

A ∪A = A A ∩A = A

A−B = AB̄ = A− (AB)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

11.¯��$�{K

��ÆµA ∪B = B ∪A AB = BA

(ÜÆµ(A ∪B) ∪ C = A ∪ (B ∪ C) (AB)C = A(BC)

©�Æµ(A ∪B) ∩ C = (A ∩ C) ∪ (B ∩ C)
A ∪(BC) = (A ∪B)(A ∪ C)

éóÆµ ¯A ∪B = ĀB̄ ĀB = Ā ∪ B̄
=
⋂n
i=1 Āi

¯⋂n
i=1Ai =

⋃n
i=1 Āi

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

11.¯��$�{K

��ÆµA ∪B = B ∪A AB = BA

(ÜÆµ(A ∪B) ∪ C = A ∪ (B ∪ C) (AB)C = A(BC)

©�Æµ(A ∪B) ∩ C = (A ∩ C) ∪ (B ∩ C)
A ∪(BC) = (A ∪B)(A ∪ C)

éóÆµ ¯A ∪B = ĀB̄ ĀB = Ā ∪ B̄
=
⋂n
i=1 Āi

¯⋂n
i=1Ai =

⋃n
i=1 Āi

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

11.¯��$�{K

��ÆµA ∪B = B ∪A AB = BA

(ÜÆµ(A ∪B) ∪ C = A ∪ (B ∪ C) (AB)C = A(BC)

©�Æµ(A ∪B) ∩ C = (A ∩ C) ∪ (B ∩ C)
A ∪(BC) = (A ∪B)(A ∪ C)

éóÆµ ¯A ∪B = ĀB̄ ĀB = Ā ∪ B̄
=
⋂n
i=1 Āi

¯⋂n
i=1Ai =

⋃n
i=1 Āi

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

11.¯��$�{K

��ÆµA ∪B = B ∪A AB = BA

(ÜÆµ(A ∪B) ∪ C = A ∪ (B ∪ C) (AB)C = A(BC)

©�Æµ(A ∪B) ∩ C = (A ∩ C) ∪ (B ∩ C)
A ∪(BC) = (A ∪B)(A ∪ C)

éóÆµ ¯A ∪B = ĀB̄ ĀB = Ā ∪ B̄
=
⋂n
i=1 Āi

¯⋂n
i=1Ai =

⋃n
i=1 Āi

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

11.¯��$�{K

��ÆµA ∪B = B ∪A AB = BA

(ÜÆµ(A ∪B) ∪ C = A ∪ (B ∪ C) (AB)C = A(BC)

©�Æµ(A ∪B) ∩ C = (A ∩ C) ∪ (B ∩ C)
A ∪(BC) = (A ∪B)(A ∪ C)

éóÆµ ¯A ∪B = ĀB̄ ĀB = Ā ∪ B̄
=
⋂n
i=1 Āi

¯⋂n
i=1Ai =

⋃n
i=1 Āi

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

11.~

~µÁ^A§B,CL«e�¯�µ

1 Au); A

2=Au); AB̄C̄

3Tk��u); AB̄C̄ ∪ ĀBC̄ ∪ ĀB̄C
4��k��u); A ∪B ∪ C
5�õk��u);ĀB̄C̄ ∪AB̄C̄ ∪ ĀBC̄ ∪ ĀB̄C
6ÑØu);ĀB̄C̄

7ØÑu); ¯ABC = Ā ∪ B̄ ∪ C̄
8��kü�u); AB ∪BC ∪AC

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

12. �;VÇ�.�½Â�O�

��ÅÁ�Eäke�A::

1.Ä�¯���êk�

2.z�Ä�¯��u)´��U

K¡E ��;V.

�;V.¥VÇ�½Â�O�: Pn=Ω¥�¹�Ä�¯�o
êk =|¤A�Ä�¯��êKµ

P (A) = k/n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

12.)F¯K

¯¤±�§XJk366�<K7½��kü�<�)F3Ó�
U"�ÄXe¯Kµb�kn (n < 366)�<§¯ùn�<¥��
kü�<�)F3Ó�U��U5´õ�º

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

12.)F¯K

)µ
�ÅÁ�µÅgP¹ùn�<�)F"���mµ

Ω = {(i1, i2, . . . , in), 1 ≤ i1 ≤ i2 ≤ . . . in ≤ 365}

¯�A (ùn�<¥��kü�<�)F3Ó�U) Pn = P (��
ü<)F�Ó) = 1− 365!

365n(365−n)!

P20 = 0.4058, P30 = 0.6963, P50 = 0.9651, P60 = 0.9922

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

13. ü�|Ü�£ES

\\\{{{���nnnµµµ �¤��¯�kn a�{§1i a�{¥kmi«äN
��{§K�¤ù�¯��k

n∑
i=1

mi

«ØÓ��{"
¦¦¦{{{���nnnµµµ �¤��¯�kn �Ú½§1i �Ú½¥kmi«äN
��{§K�¤ù�¯��k

n∏
i=1

mi

«ØÓ��{"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

14. �¥�.

�kn�¥§òÙ�\N�Ýf¥§Ue��ª�¥(n ≤ N):
(I)¥´k«O�§zÝ¥�¥êØ�;

(II)¥´k«O�§zÝ¥�¥êØ�L1�;

(III)¥´Ã«O�§zÝ¥�¥êØ�¶

(IV)¥´Ã«O�§zÝ¥�¥êØ�L1�¶

¦z�«�ª¥�kõ�«�{º

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

14. ~1

�kk�ØÓ�¥§z�¥��U/á\N�Ýf¥(k ≤ N),
�z�ÝfN¥êÃ�§¥e�¯��VÇ

(1),�½�k �Ýf¥�k�¥;

(2),�½���ÝfTkm�¥(m ≤ k);

(3),�½���Ýfvk¥¶

(4)Tkk �Ýf¥�k�¥¶

(5)��kü�¥3Ó�Ýf¥¶

(6)z�Ýf�õk��¥¶

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

14. ~1())

P (A1) =
mA1

n
=

k!

Nk

P (A2) =
Cmk (N − 1)(k −m)

Nk

P (A3) =
(N − 1)k

Nk

P (A4) =
CkNk!

Nk

P (A5) =
Nk − CkNk!

Nk
, P (A6) = P (A4)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

15. ~

[~~~2]µµµ��»�kn!��§kK(Kn)�¦�þ»�§¿�Å
�ÀJ��"¦z!��S��k�¶¦��VÇ"

[~~~3]µµµ���¥Cka�ç¥b�x¥§y3�Å/�g�gØ
�£¹¥§¦1k(k ≤ a+ b)g¹�ç¥�VÇ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

15. ü«Ä��ª

¯̄̄KKK: N��¬§Ù¥M�ØÜ�¬!
N −M�Ü�¬§l¥k�£9Ø�£?�n�§
Kdn��¬¥km�ØÜ�¬�VÇ�õ�?
)))µµµ
kkk���£££ÄÄÄ���µµµ(

n

m

)
Mm(N −M)n−m

Nn
=

(
n

m

)(
M

N

)m(N −M
N

)n−m
m = 0, 1, 2, . . . . . . , n (��©Ù)
ØØØ���£££ÄÄÄ���µµµ (

M
m

)(
N−M
n−m

)(
N
n

)
n ≤ N,m ≤M, (n−m) ≤ (N −M) (�AÛ©Ù).
l�*þw§��¬oêé�Ä����§æ�ü«Ä��(
JAT�OØ�.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

16. ~

4 	ïµl01 . . . 35¥À7�Òè"
4 møµ7�Ä�Òè§1�AÏÒè"
4 ¥ò5K
1) 7�Ä�Òè¶
2) 6�Ä�Òè+ 1�AÏÒè¶
3) 6�Ä�Òè¶
4) 5�Ä�Òè+ 1�AÏÒè¶
5) 5�Ä�Òè;
6) 4�Ä�Òè+1�AÏÒè¶
7) 4�Ä�Òè§½3�Ä�Òè+ 1�AÏÒè"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

16. ~

4 Ω ¥¤¹��:�êµC7
35

4 ò35�Ò©¤naµ7�Ä�Òè! 1�AÏÒè! 27�Ã
^Òè
4 Ppi�¥i�ø�VÇ§|^Ä��.��µ

p1 =
C7

7C
0
1C

0
27

C7
35

, p2 =
C6

7C
1
1C

0
27

C7
35

4 ¥øVÇXeµ
p1 = 1

6724520 , p2 = 7
6724520 , p3 = 189

6724520p4 = 567
6724520 , p5 =

7371
6724520 , p6 = 12285

6724520 p7 = 204750
6724520

4 Ø¥øVÇ
�:p0 = 1−p1−p2−p3−p4−p5−p6−p7 = 6499350

6724520 = 0.966515.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

18. �;VÇ�Ä�5�

(1) é?Û¯�A§P (A) > 0;

(2) P (Ω) = 1;

(3) k��\5

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

19. AÛV.�½Â�O�

����m�k�«�Ω, e��:á\ΩS?Û«�
G ¥�VÇ�«�G �ÿÝ¤�', K��:á\GS�VÇ
�µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

19. ~

üE�ÊÓ�èÞ, üE3�¼�SÕá�Å/��èÞ.
eüE���I3èÞÊ3��m©O´1 ���2 ��§
Á¦3�¼�S§?�E���§I����ÑèÞ�VÇ.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

19. ~

)µ�E1 ��èÞ�]��x , 0 ≤ x < 24, �E2 ��èÞ
�]��y , 0 ≤ y < 24. �¯�A L«?�E��èÞ�I��
��ÑèÞ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

19. ~

Ω = {(x, y) | 0 ≤ x < 24, 0 ≤ y < 24}

A = {(x, y) | (x, y) ∈ Ω, 0 ≤ y − x ≤ 1,

0≤ x− y ≤ 2}

SΩ = 242 SĀ = 1
2(232 + 222)P (A) = 1− SĀ

SΩ
= 0.1207

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

20.Æ´Ý�¯K

Æ´Ý�µ²¡þxX�
²1�§

��m�ålÑ�d§�d²¡?Ý��Ý�l(l < a)��§

¦d��?�²1����VÇ?

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

20. Æ´¯K�ã«

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

20.Æ´Ý�¯K

±xL«��¥:��C�^²1��ål§
q±ϕL«��d��m���.´�µ�mΩ÷v:

0 ≤ x ≤ d/2; 0 ≤ ϕ ≤ π

Ω /¤x− ϕ²¡þ���Ý/§Ù¡È�µSΩ = d(π/2).
A = /��²1���0�¿�^�´:

x ≤ l sin(ϕ/2)

u´µP (A) = SA
SΩ

=
∫ π
0 l sin(ϕ/2)dϕ

d(π/2) = 2l
dπ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

20. π��Å�[

dÆ´Ý�¯K�µ��l ���²1����VÇ
�:2l/dπ

¢S��N gÁ�§�n g��²1���§KªÇ
�:n/N .

^ªÇ�OVÇ�:π ≈ 2lN/(dn)

{¤þk�
Í¶�¢�êâ"

¯Kí2µ²¡þxkm��d��å²1�§�²¡?¿
Ý���>��a,b,c (þ�ud)�n�/§n�/�²1�
���VÇº

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

20. π��Å�[

dÆ´Ý�¯K�µ��l ���²1����VÇ
�:2l/dπ

¢S��N gÁ�§�n g��²1���§KªÇ
�:n/N .

^ªÇ�OVÇ�:π ≈ 2lN/(dn)

{¤þk�
Í¶�¢�êâ"

¯Kí2µ²¡þxkm��d��å²1�§�²¡?¿
Ý���>��a,b,c (þ�ud)�n�/§n�/�²1�
���VÇº

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

20. π��Å�[

dÆ´Ý�¯K�µ��l ���²1����VÇ
�:2l/dπ

¢S��N gÁ�§�n g��²1���§KªÇ
�:n/N .

^ªÇ�OVÇ�:π ≈ 2lN/(dn)

{¤þk�
Í¶�¢�êâ"

¯Kí2µ²¡þxkm��d��å²1�§�²¡?¿
Ý���>��a,b,c (þ�ud)�n�/§n�/�²1�
���VÇº

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

20. π��Å�[

dÆ´Ý�¯K�µ��l ���²1����VÇ
�:2l/dπ

¢S��N gÁ�§�n g��²1���§KªÇ
�:n/N .

^ªÇ�OVÇ�:π ≈ 2lN/(dn)

{¤þk�
Í¶�¢�êâ"

¯Kí2µ²¡þxkm��d��å²1�§�²¡?¿
Ý���>��a,b,c (þ�ud)�n�/§n�/�²1�
���VÇº

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

20. π��Å�[

dÆ´Ý�¯K�µ��l ���²1����VÇ
�:2l/dπ

¢S��N gÁ�§�n g��²1���§KªÇ
�:n/N .

^ªÇ�OVÇ�:π ≈ 2lN/(dn)

{¤þk�
Í¶�¢�êâ"

¯Kí2µ²¡þxkm��d��å²1�§�²¡?¿
Ý���>��a,b,c (þ�ud)�n�/§n�/�²1�
���VÇº

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

20. π��Å�[

dÆ´Ý�¯K�µ��l ���²1����VÇ
�:2l/dπ

¢S��N gÁ�§�n g��²1���§KªÇ
�:n/N .

^ªÇ�OVÇ�:π ≈ 2lN/(dn)

{¤þk�
Í¶�¢�êâ"

¯Kí2µ²¡þxkm��d��å²1�§�²¡?¿
Ý���>��a,b,c (þ�ud)�n�/§n�/�²1�
���VÇº

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

21. AÛV.�Ä�5�

(1) é?Û¯�A§P (A) > 0;

(2) P (Ω) = 1;

(3) k��\5

g�Kµ��¯��VÇ�u"§ù�¯��½´Ø�U¯�
íº

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

21. ~

�AK£Bertrand¤ÛØµ3�»�1��S�Å���^u§
¯Ù��LT�S��>n�/�>��VÇ�uõ�º

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

22.é/�Å/0A«ØÓ�n):

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

23. �Å/�n«ØÓn)

�?¿�u�¥:���I�(x, y)§du3	S�¿©7
�^��µx2 + y2 ≤ 1,d�u

�µL = 2
√

1− (x2 + y2),L >
√

3 �dux2 + y2 < 1/4,d

�§p = [(1/4)π]/1π = 1/4

�?¿�u�¥:4�I�(γ, θ)u3�S�¿©7�^�

�µ−1 ≤ γ ≤ 1, 0 ≤ θ ≤ 2π u�µL = 2
√

1− θ2, L >
√

3
�du| γ |< 1/2 ¤±p = [1/2− (−1/2)]/[1− (−1)] = 1/2

u�ü�à:A!B�4�IA(1, α),B(1, β) �b½u��
à�½§'XB(0, β)§d�u�L =

√
2− 2 cosα L >

√
3

�d
u(2/3)π < α < (4/3)π p = [(4/3)π−(2/3)π]/[2π−0] = 1/3

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

23. �Å/�n«ØÓn)

�?¿�u�¥:���I�(x, y)§du3	S�¿©7
�^��µx2 + y2 ≤ 1,d�u

�µL = 2
√

1− (x2 + y2),L >
√

3 �dux2 + y2 < 1/4,d

�§p = [(1/4)π]/1π = 1/4

�?¿�u�¥:4�I�(γ, θ)u3�S�¿©7�^�

�µ−1 ≤ γ ≤ 1, 0 ≤ θ ≤ 2π u�µL = 2
√

1− θ2, L >
√

3
�du| γ |< 1/2 ¤±p = [1/2− (−1/2)]/[1− (−1)] = 1/2

u�ü�à:A!B�4�IA(1, α),B(1, β) �b½u��
à�½§'XB(0, β)§d�u�L =

√
2− 2 cosα L >

√
3

�d
u(2/3)π < α < (4/3)π p = [(4/3)π−(2/3)π]/[2π−0] = 1/3

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

23. �Å/�n«ØÓn)

�?¿�u�¥:���I�(x, y)§du3	S�¿©7
�^��µx2 + y2 ≤ 1,d�u

�µL = 2
√

1− (x2 + y2),L >
√

3 �dux2 + y2 < 1/4,d

�§p = [(1/4)π]/1π = 1/4

�?¿�u�¥:4�I�(γ, θ)u3�S�¿©7�^�

�µ−1 ≤ γ ≤ 1, 0 ≤ θ ≤ 2π u�µL = 2
√

1− θ2, L >
√

3
�du| γ |< 1/2 ¤±p = [1/2− (−1/2)]/[1− (−1)] = 1/2

u�ü�à:A!B�4�IA(1, α),B(1, β) �b½u��
à�½§'XB(0, β)§d�u�L =

√
2− 2 cosα L >

√
3

�d
u(2/3)π < α < (4/3)π p = [(4/3)π−(2/3)π]/[2π−0] = 1/3

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

23. �Å/�n«ØÓn)

�?¿�u�¥:���I�(x, y)§du3	S�¿©7
�^��µx2 + y2 ≤ 1,d�u

�µL = 2
√

1− (x2 + y2),L >
√

3 �dux2 + y2 < 1/4,d

�§p = [(1/4)π]/1π = 1/4

�?¿�u�¥:4�I�(γ, θ)u3�S�¿©7�^�

�µ−1 ≤ γ ≤ 1, 0 ≤ θ ≤ 2π u�µL = 2
√

1− θ2, L >
√

3
�du| γ |< 1/2 ¤±p = [1/2− (−1/2)]/[1− (−1)] = 1/2

u�ü�à:A!B�4�IA(1, α),B(1, β) �b½u��
à�½§'XB(0, β)§d�u�L =

√
2− 2 cosα L >

√
3

�d
u(2/3)π < α < (4/3)π p = [(4/3)π−(2/3)π]/[2π−0] = 1/3

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

23. �Å/�n«ØÓn)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

24. VÇØ�únz

�Ω´�ÅÁ�E ����m§eUé���éA{K§¦�é
uE �z�¯�A Du��¢ê§P�P (A), ÷vµ

�K5únµ P (A) ≥ 0;

�K5únµ P (Ω) = 1;

���\5ún: eA1, A2, . . . . . . , An, . . . . . . ,pØ�N§

KP

(⋃∞
i=1Ai

)
=
∑∞

i=1 P (Ai)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

24. VÇØ�únz

�Ω´�ÅÁ�E ����m§eUé���éA{K§¦�é
uE �z�¯�A Du��¢ê§P�P (A), ÷vµ

�K5únµ P (A) ≥ 0;

�K5únµ P (Ω) = 1;

���\5ún: eA1, A2, . . . . . . , An, . . . . . . ,pØ�N§

KP

(⋃∞
i=1Ai

)
=
∑∞

i=1 P (Ai)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

24. VÇØ�únz

�Ω´�ÅÁ�E ����m§eUé���éA{K§¦�é
uE �z�¯�A Du��¢ê§P�P (A), ÷vµ

�K5únµ P (A) ≥ 0;

�K5únµ P (Ω) = 1;

���\5ún: eA1, A2, . . . . . . , An, . . . . . . ,pØ�N§

KP

(⋃∞
i=1Ai

)
=
∑∞

i=1 P (Ai)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

24. VÇØ�únz

�Ω´�ÅÁ�E ����m§eUé���éA{K§¦�é
uE �z�¯�A Du��¢ê§P�P (A), ÷vµ

�K5únµ P (A) ≥ 0;

�K5únµ P (Ω) = 1;

���\5ún: eA1, A2, . . . . . . , An, . . . . . . ,pØ�N§

KP

(⋃∞
i=1Ai

)
=
∑∞

i=1 P (Ai)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

25. VÇ5�9ÙA^

P (ϕ) = 0 5¿: _Ø�½¤á.

VÇkk��\5µ
eAB = ϕ,KP (A ∪B) = P (A) + P (B).�í2�n �pØ
�N¯�.

P (Ā) = 1− P (A);

é?¿ü�¯�A, B, k:P (B −A) = P (B)− P (AB)

2Â\{úªµÙ�Ø�ª£g�\5¤,BonferroniØ�
ª¶

���\5�ëY5.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

25. VÇ5�9ÙA^

P (ϕ) = 0 5¿: _Ø�½¤á.

VÇkk��\5µ
eAB = ϕ,KP (A ∪B) = P (A) + P (B).�í2�n �pØ
�N¯�.

P (Ā) = 1− P (A);

é?¿ü�¯�A, B, k:P (B −A) = P (B)− P (AB)

2Â\{úªµÙ�Ø�ª£g�\5¤,BonferroniØ�
ª¶

���\5�ëY5.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

25. VÇ5�9ÙA^

P (ϕ) = 0 5¿: _Ø�½¤á.

VÇkk��\5µ
eAB = ϕ,KP (A ∪B) = P (A) + P (B).�í2�n �pØ
�N¯�.

P (Ā) = 1− P (A);

é?¿ü�¯�A, B, k:P (B −A) = P (B)− P (AB)

2Â\{úªµÙ�Ø�ª£g�\5¤,BonferroniØ�
ª¶

���\5�ëY5.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

25. VÇ5�9ÙA^

P (ϕ) = 0 5¿: _Ø�½¤á.

VÇkk��\5µ
eAB = ϕ,KP (A ∪B) = P (A) + P (B).�í2�n �pØ
�N¯�.

P (Ā) = 1− P (A);

é?¿ü�¯�A, B, k:P (B −A) = P (B)− P (AB)

2Â\{úªµÙ�Ø�ª£g�\5¤,BonferroniØ�
ª¶

���\5�ëY5.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

25. VÇ5�9ÙA^

P (ϕ) = 0 5¿: _Ø�½¤á.

VÇkk��\5µ
eAB = ϕ,KP (A ∪B) = P (A) + P (B).�í2�n �pØ
�N¯�.

P (Ā) = 1− P (A);

é?¿ü�¯�A, B, k:P (B −A) = P (B)− P (AB)

2Â\{úªµÙ�Ø�ª£g�\5¤,BonferroniØ�
ª¶

���\5�ëY5.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

25. VÇ5�9ÙA^

P (ϕ) = 0 5¿: _Ø�½¤á.

VÇkk��\5µ
eAB = ϕ,KP (A ∪B) = P (A) + P (B).�í2�n �pØ
�N¯�.

P (Ā) = 1− P (A);

é?¿ü�¯�A, B, k:P (B −A) = P (B)− P (AB)

2Â\{úªµÙ�Ø�ª£g�\5¤,BonferroniØ�
ª¶

���\5�ëY5.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

25. VÇ5�9ÙA^

P (ϕ) = 0 5¿: _Ø�½¤á.

VÇkk��\5µ
eAB = ϕ,KP (A ∪B) = P (A) + P (B).�í2�n �pØ
�N¯�.

P (Ā) = 1− P (A);

é?¿ü�¯�A, B, k:P (B −A) = P (B)− P (AB)

2Â\{úªµÙ�Ø�ª£g�\5¤,BonferroniØ�
ª¶

���\5�ëY5.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

26. ¯�S��4�

e¯�S�{Fn}÷vµF1 ⊂ F2 ⊂ · · · ⊂ Fn ⊂ . . .
K¡{Fn}�üNØ~¯�S�§Ù4�¯��µ

lim
n→ +∞

Fn =
+∞⋃
n=1

Fn

e¯�S�{Fn}÷vµF1 ⊃ F2 ⊃ · · · ⊃ Fn ⊃ . . .
K¡{Fn}�üNØO¯�S�§Ù4�¯��µ

lim
n→ +∞

Fn =
+∞⋂
n=1

Fn

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

26. ¯�S��4�

e¯�S�{Fn}÷vµF1 ⊂ F2 ⊂ · · · ⊂ Fn ⊂ . . .
K¡{Fn}�üNØ~¯�S�§Ù4�¯��µ

lim
n→ +∞

Fn =

+∞⋃
n=1

Fn

e¯�S�{Fn}÷vµF1 ⊃ F2 ⊃ · · · ⊃ Fn ⊃ . . .
K¡{Fn}�üNØO¯�S�§Ù4�¯��µ

lim
n→ +∞

Fn =
+∞⋂
n=1

Fn

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

26. ¯�S��4�

e¯�S�{Fn}÷vµF1 ⊂ F2 ⊂ · · · ⊂ Fn ⊂ . . .
K¡{Fn}�üNØ~¯�S�§Ù4�¯��µ

lim
n→ +∞

Fn =

+∞⋃
n=1

Fn

e¯�S�{Fn}÷vµF1 ⊃ F2 ⊃ · · · ⊃ Fn ⊃ . . .
K¡{Fn}�üNØO¯�S�§Ù4�¯��µ

lim
n→ +∞

Fn =
+∞⋂
n=1

Fn

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

27. 8Ü¼ê�ëY5

�P(#)´��8Ü¼ê§

e?éüNØ~8ÜS�{Fn},k

P ( lim
n→ +∞

Fn) = lim
n→ +∞

P (Fn)

K¡P(#)´eëY�.

e?éüNØO8ÜS�{Fn},k

P ( lim
n→ +∞

Fn) = lim
n→ +∞

P (Fn)

K¡P(#)´þëY�.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

27. 8Ü¼ê�ëY5

�P(#)´��8Ü¼ê§

e?éüNØ~8ÜS�{Fn},k

P ( lim
n→ +∞

Fn) = lim
n→ +∞

P (Fn)

K¡P(#)´eëY�.

e?éüNØO8ÜS�{Fn},k

P ( lim
n→ +∞

Fn) = lim
n→ +∞

P (Fn)

K¡P(#)´þëY�.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

27. 8Ü¼ê�ëY5

�P(#)´��8Ü¼ê§

e?éüNØ~8ÜS�{Fn},k

P ( lim
n→ +∞

Fn) = lim
n→ +∞

P (Fn)

K¡P(#)´eëY�.

e?éüNØO8ÜS�{Fn},k

P ( lim
n→ +∞

Fn) = lim
n→ +∞

P (Fn)

K¡P(#)´þëY�.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

28. VÇ�ëY����\

5�µeP(#)´¯��Φþ���VÇ¼ê§
KP(#) Q´eëY�§q´þëY�

½nµeP(#)´¯��Φþ÷vµ�K!�K�8Ü¼
ê§
KP(#) k���\5�¿�^�´§äkk��\5Úe
ëY5.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

28. VÇ�ëY����\

5�µeP(#)´¯��Φþ���VÇ¼ê§
KP(#) Q´eëY�§q´þëY�

½nµeP(#)´¯��Φþ÷vµ�K!�K�8Ü¼
ê§
KP(#) k���\5�¿�^�´§äkk��\5Úe
ëY5.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

28. VÇ�ëY����\

5�µeP(#)´¯��Φþ���VÇ¼ê§
KP(#) Q´eëY�§q´þëY�

½nµeP(#)´¯��Φþ÷vµ�K!�K�8Ü¼
ê§
KP(#) k���\5�¿�^�´§äkk��\5Úe
ëY5.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

28. P44~7

,¢½kNýk�§�Òl1�N§k��	/<�T¢�§r
���ný�f�ýÒPe£�UE¤§¦Pe���Òè�
Ð�k�VÇ"
)µÏ�/¦ÈU�10�Ø0¿�Xµ/��L50(P�A) �
/��Lóê0(P�B)§Ïd¤¦VÇ�P (AB).
|^éá¯�úª!�#�úªÚ\{úª:

P (AB) = 1− P (Ā ∪ B̄) = 1− P (Ā)− P (B̄) + P (ĀB̄)

=1-8n/9n − 5n/9n + 4n/9n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

28. p45~6

,<�Ðnµ&§q�Ðn�&µ§,�§òzµ&�Å/�
\n�&µ¥§¦��k�µ&�é�VÇ?

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

28. p45~6())

PAi =/1i µ&�&µ�Î0§i = 1, 2, . . . , n �¦�VÇ
�µP (A1 ∪A2 ∪ . . . · · · ∪An)
^\{úª:

P

( n⋃
i=1

Ai

)
=

n∑
i=1

P (Ai)−
∑

P (AiAj) +
∑

P (AiAjAk) + · · ·+

(−1)nP (A1A2. . . . . .An)
qP (A1A2. . . . . .An) = 1/n!;

P

( n⋃
i=1

Ai

)
= 1− 1/2! + 1/3! + . . . · · ·+ (−1)n/n!

→ 1− e−1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n���m�¯� ¯��'XÚ$� �;VÇ�. AÛV.

29. 1�Ù�(

(1) VÇØ´ïÄ�Åy��êþ5Æ5���êÆÆ�
(2) ¯��VÇ�£ã5�únz½Â
(3) �;V.�AÛV.¥�VÇO�

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

1 1"Ù �µ�Ä��¦

2 1�Ù ¯��VÇ

3 1�Ù ^�VÇ�ÚOÕá

4 1nÙ �ÅCþ�©Ù¼ê

5 1oÙ êiA��A�¼ê

6 1ÊÙ 4�½n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

1.^�VÇ�½Â

½Âµ�(Ω,F , P ) ´�VÇ�m§B ∈ F ,
�P (B) > 0 §Ké?¿A ∈ F ,½Âµ

P (A | B) = P (AB)/P (B)

¡P (A | B)�3¯�Bu)^�e¯�Au)�^�VÇ
£Conditional Probability¤

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

1.~f

10��¬¥k7��¬!3�g¬§l¥Ø�£/Ä�ü�§®
�1����g¬§¦1��q��g¬�VÇ.
)µ�A = {1����g¬}§
B = {1����g¬}§

P (B | A) = P (BA)/P (A) = (1/15)/(3/10) = 2/9

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.~f

£P57~1¤3_JÊ�¥uy§,/«�g,<+¥§z��
<¥²þk40<��u5_J§k34<`�¥�xp¹þ§
k32<Ó�u)_JÚ`�¥�xp¹þ"±¯�CL«�u5
_J§±¯�DL«�ö`�¥�xp¹þ"
��<�N�(JL²§�Úú«�I�Ú�Úú«��fÓ
�N�ö�5%§�Úú«�I�ÚfÚú«��fÓ7.9%§f
Úú«�I�Ú�Úú«��fÓ8.9%§fÚú«�I�Úf
Úú«��fÓ78.2%§¯If�ú«�fÚkÃéXº

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.^�VÇúª9ÙA^

¦{úªµP (AB) = P (A)P (B | A)

P (A1A2 . . . An) = P (A1)P (A2 | A1) . . . P (An | A1A2 . . . An−1)

¢~µ£Å|æ-f�.¤-f¥kb�ç¥9r�ù¥§�Å�
Ñ��§r�¥�£§¿\\�ÄÑ¥ôÚ�Ó�¥c�2¹1
�g§ù�e��¹
ng§¯c¡�n1gÑÑyç¥§�
¡n2 = n− n1gÑÑyù¥�VÇ´õ�º

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

3.�VÇúª

e¯�B1, B2, . . . . . . , Bn´���mΩ��|©�§
�P (Bi) > 0,K

P (A) =

n∑
i=1

P (ABi) =

n∑
i=1

P (Bi)P (A | Bi)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

3.Ö~

�10 ��¬¥k3 �ØÜ�¬§l¥Ø�£/�üg§zg�
�§¦�Ñ�1���ØÜ�¬�VÇ"
)µ�A = /1�g��ØÜ�¬0§
B = /1�g��ØÜ�¬0.d�VÇúª�µ

P (B) = P (A)P (B | A) + P (Ā)P (B | Ā)

= (3/10)× (2/9) + (7/10)× (3/9) = 3/10

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

4. 5¿

�VÇúª^u¦E,¯��VÇ.

¦^�VÇúª'�3uÏé,�|¯�5/©�0��
�m.

�VÇúª�{ü�/ªµ

P (A) = P (B)P (A | B) + P (B̄)P (A | B̄)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

4. 5¿

�VÇúª^u¦E,¯��VÇ.

¦^�VÇúª'�3uÏé,�|¯�5/©�0��
�m.

�VÇúª�{ü�/ªµ

P (A) = P (B)P (A | B) + P (B̄)P (A | B̄)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

4. 5¿

�VÇúª^u¦E,¯��VÇ.

¦^�VÇúª'�3uÏé,�|¯�5/©�0��
�m.

�VÇúª�{ü�/ªµ

P (A) = P (B)P (A | B) + P (B̄)P (A | B̄)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

4. 5¿

�VÇúª^u¦E,¯��VÇ.

¦^�VÇúª'�3uÏé,�|¯�5/©�0��
�m.

�VÇúª�{ü�/ªµ

P (A) = P (B)P (A | B) + P (B̄)P (A | B̄)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5. ¹ç�.

�µn Üç¦¥kk Ü¥ø§l¥Ø�£/¹�§
PAi�/1i g¹�ø 0§K:

P (Ai) = k/n, i = 1, 2, 3, . . . , n

�µn Üç¦¥k�Ü¥ø§l¥Ø�£/¹�§PAi�/1i
g¹�¥ø 0§K:

P (A1) = 1/n

�^�VÇúªO��:P (A2) = 1/n

�^8B{O��:

P (Ai) = 1/n, i = 1, 2, 3, . . . , n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5. ¹ç�.

�µn Üç¦¥kk Ü¥ø§l¥Ø�£/¹�§
PAi�/1i g¹�ø 0§K:

P (Ai) = k/n, i = 1, 2, 3, . . . , n

�µn Üç¦¥k�Ü¥ø§l¥Ø�£/¹�§PAi�/1i
g¹�¥ø 0§K:

P (A1) = 1/n

�^�VÇúªO��:P (A2) = 1/n

�^8B{O��:

P (Ai) = 1/n, i = 1, 2, 3, . . . , n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5. ¹ç�.

�µn Üç¦¥kk Ü¥ø§l¥Ø�£/¹�§
PAi�/1i g¹�ø 0§K:

P (Ai) = k/n, i = 1, 2, 3, . . . , n

�µn Üç¦¥k�Ü¥ø§l¥Ø�£/¹�§PAi�/1i
g¹�¥ø 0§K:

P (A1) = 1/n

�^�VÇúªO��:P (A2) = 1/n

�^8B{O��:

P (Ai) = 1/n, i = 1, 2, 3, . . . , n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5. ¹ç�.

�µn Üç¦¥kk Ü¥ø§l¥Ø�£/¹�§
PAi�/1i g¹�ø 0§K:

P (Ai) = k/n, i = 1, 2, 3, . . . , n

�µn Üç¦¥k�Ü¥ø§l¥Ø�£/¹�§PAi�/1i
g¹�¥ø 0§K:

P (A1) = 1/n

�^�VÇúªO��:P (A2) = 1/n

�^8B{O��:

P (Ai) = 1/n, i = 1, 2, 3, . . . , n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

6.¯a5¯K�N�

�N�/¯a50¯K¥,«'~p ;

ü�¯KµAµ)F´Ä37�1Fcº

B:´Ä�Á�6º

�M1£�A½B.

�K�þ�kµ/´0!/Ä0.

�^�VÇúª©Û/¯a50¯K.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5.��d£Bayes¤úª

®�/(J0§¦/�Ï0
~µ,<l`/�¯/§¦�Å!»�!ð�´��VÇ©
O�0.1!0.2!0.3§¦��U/ÀJùn«�Ïóä"e®
�¦��´�
§¦¦©O´¦�Å!»�!ð��VÇ

Ø%úªµe¯�B1, B2, . . . . . . , Bn´���mΩ ��|
©�§�P (A) > 0,P (Bi) > 0,K

P (Bi | A) =
P (ABi)

P (A)
=
P (Bi)P (A | Bi)

P (A)
=

P (Bi)P (A | Bi)∑n
j=1 P (Bj)P (A | Bj)

i = 1, 2, . . . . . . , n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5.��d£Bayes¤úª

®�/(J0§¦/�Ï0
~µ,<l`/�¯/§¦�Å!»�!ð�´��VÇ©
O�0.1!0.2!0.3§¦��U/ÀJùn«�Ïóä"e®
�¦��´�
§¦¦©O´¦�Å!»�!ð��VÇ

Ø%úªµe¯�B1, B2, . . . . . . , Bn´���mΩ ��|
©�§�P (A) > 0,P (Bi) > 0,K

P (Bi | A) =
P (ABi)

P (A)
=
P (Bi)P (A | Bi)

P (A)
=

P (Bi)P (A | Bi)∑n
j=1 P (Bj)P (A | Bj)

i = 1, 2, . . . . . . , n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5.��d£Bayes¤úª

®�/(J0§¦/�Ï0
~µ,<l`/�¯/§¦�Å!»�!ð�´��VÇ©
O�0.1!0.2!0.3§¦��U/ÀJùn«�Ïóä"e®
�¦��´�
§¦¦©O´¦�Å!»�!ð��VÇ

Ø%úªµe¯�B1, B2, . . . . . . , Bn´���mΩ ��|
©�§�P (A) > 0,P (Bi) > 0,K

P (Bi | A) =
P (ABi)

P (A)
=
P (Bi)P (A | Bi)

P (A)
=

P (Bi)P (A | Bi)∑n
j=1 P (Bj)P (A | Bj)

i = 1, 2, . . . . . . , n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

6.5¿

1) B1, B2, . . . . . . , Bn�±w�´��Au)��Ï;

2) P (Bj | A)´3¯�Au)�^�e, ,��ÏBj

u)�VÇ, ¡�/��VÇ0;

3) Bayesúªq¡�/��VÇúª0½/_Vúª0;

4) ¡P (Bj)�/k�VÇ0.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

6.Ö~

,û¬dn��[øA§ÙøAþ�µ`�[´¯�[
�2�¶¯!Zü���"���¬�g¬Ç�2%, 2%, 4%. e
l½|þ�ÅÄ���d«û¬§uy´g¬§¦§´`�)�
�VÇ?

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

6.Ö~

)µ^1!2!3©OP`!¯!Z�§�
Ai=/��1i �ó���¬0§B=/��g¬0§
dK¿�: P (A1) = 0.5,P (A2) = P (A3) = 0.25 ;
P (B | A1) = P (B | A2) = 0.02,P (B | A3) = 0.04
dBayesúª�:

P (A1 | B) =
P (A1)P (B | A1)∑3
i=1 P (Ai)P (B | Ai)

= 0.4

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

1.¯��Õá5

�*`{µéuü¯�§eÙ¥?Û��¯��u)ØK�,
��¯��u)§Kùü¯�´Õá�.

⇐⇒ P (A | B) = P (A)

⇐⇒ P (AB)/P (B) = P (A)

⇐⇒ P (A | B) = P (A)P (B)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.ü¯��Õá5

½Âµ¡¯�A!B´�pÕá(Independent)�§XJ§

P (AB) = P (A)P (B)

íØ1µA!B �ü�¯�§eP (A) > 0,KA �B Õá
�duP (B | A) = P (B)

íØ2µe¯�A�BÕá§K
A �B̄Õá!Ā�BÕá!Ā�B̄Õá.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.ü¯��Õá5

½Âµ¡¯�A!B´�pÕá(Independent)�§XJ§

P (AB) = P (A)P (B)

íØ1µA!B �ü�¯�§eP (A) > 0,KA �B Õá
�duP (B | A) = P (B)

íØ2µe¯�A�BÕá§K
A �B̄Õá!Ā�BÕá!Ā�B̄Õá.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.ü¯��Õá5

½Âµ¡¯�A!B´�pÕá(Independent)�§XJ§

P (AB) = P (A)P (B)

íØ1µA!B �ü�¯�§eP (A) > 0,KA �B Õá
�duP (B | A) = P (B)

íØ2µe¯�A�BÕá§K
A �B̄Õá!Ā�BÕá!Ā�B̄Õá.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.õ¯��Õá5

½Âµén�¯�A!B!C§XJ±eo��ªÓ�¤áµ

(1) P (AB) = P (A)P (B)

(2) P (AC) = P (A)P (C)

(3) P (BC) = P (B)P (C)

(4) P (ABC) = P (A)P (B)P (C)

K¡¯�A!B!C�pÕá"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

3.N¯��Õá5

��§én �¯�A1, A2, . . . , AnXJe�2n-n-1��ª¤áµ

B P (AiAj) = P (Ai)P (Aj) (∗)
B P (AiAjAk) = P (Ai)P (Aj)P (Ak)

. . . . . .

B P (A1, A2, . . . , An) = P (A1)P (A2), . . . , P (An)

AO§XJ=�ª(∗)¤áK¡¯�A1, A2, . . . , An´üü�pÕ
á�"��§¡Ã¡õ�¯�´�pÕá�§Ù¥?¿k�õ�
¯�Ñ´�pÕá�"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

4.¯�Õá5��ä

¢SA^¥§  �â²�5�äü�¯��Õá5µ~X:

�£Ä�!`¯ü<©Oó�!EÁ��. �k��*k�
U¬Ñ�

~µ©O3kn�¯fÚü�¯f�[Ì¥�Ä¯�A /kI
¯�kå¯0¶B /�õ�k��å¯0
)µ3n�¯f�[Ì¥:

P (A) = 6/8, P (B) = 4/8, P (AB) = 3/8

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

4.~

ü�ÃÓ6éÓ�8I?1�Â§`k�§XkÂ¥K��"
zg�Â¥§`!¯·¥8I�VÇ©O�α Úβ §¦`���
VÇ"

)µ

Ï�P(`�)= α+ (1− α)(1− β)P(`�)

¤±P(`�)= α/[1− (1− α)(1− β)].

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5.>´��¢~

~µ��ó�Õá§¦XÚ�~ó��VÇ. PAi = /1i��
��~ó�0,pi = P (Ai),

ü����GéXÚ:P (A1A2) = p1p2

ü����¿éXÚ:

P (A1 ∪A2) = p1 + p2 − p1p2 = 1− (1− p1)(1− p2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5.>´��¢~

~µ��ó�Õá§¦XÚ�~ó��VÇ. PAi = /1i��
��~ó�0,pi = P (Ai),

ü����GéXÚ:P (A1A2) = p1p2

ü����¿éXÚ:

P (A1 ∪A2) = p1 + p2 − p1p2 = 1− (1− p1)(1− p2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5.>´��¢~

~µ��ó�Õá§¦XÚ�~ó��VÇ. PAi = /1i��
��~ó�0,pi = P (Ai),

ü����GéXÚ:P (A1A2) = p1p2

ü����¿éXÚ:

P (A1 ∪A2) = p1 + p2 − p1p2 = 1− (1− p1)(1− p2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

1.Á�Õá5�½Â

eÁ�E1�?�(J�Á�E2�?�(JÑ´�pÕá�¯
�§K¡ùü�Á��pÕá§½¡ÕáÁ�.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.n ËãpÁ�

ËãpÁ�µ
e,«Á��kü�(J(¤õ!�}¶ç¥!x¥¶�
¡!�¡)§K¡ù�Á��ËãpÁ�.

3ËãpÁ�¥§��P/¤õ0�VÇ�p.

n ËãpÁ�µ
ngÕáE�ËãpÁ�

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.n ËãpÁ�

ËãpÁ�µ
e,«Á��kü�(J(¤õ!�}¶ç¥!x¥¶�
¡!�¡)§K¡ù�Á��ËãpÁ�.

3ËãpÁ�¥§��P/¤õ0�VÇ�p.

n ËãpÁ�µ
ngÕáE�ËãpÁ�

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.n ËãpÁ�

ËãpÁ�µ
e,«Á��kü�(J(¤õ!�}¶ç¥!x¥¶�
¡!�¡)§K¡ù�Á��ËãpÁ�.

3ËãpÁ�¥§��P/¤õ0�VÇ�p.

n ËãpÁ�µ
ngÕáE�ËãpÁ�

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.n ËãpÁ�

ËãpÁ�µ
e,«Á��kü�(J(¤õ!�}¶ç¥!x¥¶�
¡!�¡)§K¡ù�Á��ËãpÁ�.

3ËãpÁ�¥§��P/¤õ0�VÇ�p.

n ËãpÁ�µ
ngÕáE�ËãpÁ�

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.n ËãpÁ�¤õ�gê

3n ËãpÁ�¥§P¤õ�gê�X.

X ��U���µ0, 1, . . . . . . , n

X ���k �VÇ�µ

P (X = k) =

(
n

k

)
pk(1− p)n−k

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.n ËãpÁ�¤õ�gê

3n ËãpÁ�¥§P¤õ�gê�X.

X ��U���µ0, 1, . . . . . . , n

X ���k �VÇ�µ

P (X = k) =

(
n

k

)
pk(1− p)n−k

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.n ËãpÁ�¤õ�gê

3n ËãpÁ�¥§P¤õ�gê�X.

X ��U���µ0, 1, . . . . . . , n

X ���k �VÇ�µ

P (X = k) =

(
n

k

)
pk(1− p)n−k

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.n ËãpÁ�¤õ�gê

3n ËãpÁ�¥§P¤õ�gê�X.

X ��U���µ0, 1, . . . . . . , n

X ���k �VÇ�µ

P (X = k) =

(
n

k

)
pk(1− p)n−k

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

1.SK¾�

P51 SK3µrA1 ∪A2 ∪ · · · ∪AnL«¤n�üüpØ�N¯�
�Ú"

P52SK19µlnVØÓ�f¥?�2r(2r < n)�§¦e�¯
�u)�VÇµ

£1¤vk¤é�f¶

£2¤�k�é¤é�f¶

£3¤Tküéf¶

£4¤Tkréf¶

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

2.SK

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

3.SK

P53SK30µ3�ã[0, 1]þ?¿Ýn�:§¯d0�n:�n�
ãU�¤n�/�ØU�¤n�/
ùü�¯�¥=�¯��VÇ�º
P53SK34µ,�kn�¬W§z<�k�l§3�g�m;:
8Ü¥§ez<�Å/�r�{l§
(i)¯��k�<<�gCl�VÇ;
(ii)Tkk(k < n)�<<�gCl�VÇ"
P54SK40µ®�µ

P (AB) = P (A)P (B), AB ⊂ C, AcBc ⊂ Cc

y²µ
P (AC) ≥ P (A)P (C)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

4.SK

P102SK8µ�Ådn�ØÓ�Ü©;��Â§31�Ü©�
Â¥��½1�Ü©�Â¥ü�§½1nÜ©�Â¥n��§�
ÅâU�Âá§ÙÂ¥Ç�z�Ü©�¡È¤�'§�n�Ü©
¡È�z©'�0.1, 0.2, 0.7"e®¥ü�§¦Âá�Å�VÇ"

P103 SK11µ

P104 SK31µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

5.SN�(

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

6.A�äN�V.

• �;V.
• AÛV.
• �ãpV.
Ýº��V.§�
)µ

£1¤V.�A�¶

£2¤V.�Ä�¯K¶

£3¤V.�¢~ÚA^¶

£4¤¦^�Ä�óä"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

7.�;V.�O�¯K

~1µrn�ÃßÑòä¤���á�ü�ã§rù2n�ã?¿
�¤né§�¤#�Ãß§Á¦µ
£1¤ù
ÃßÑ�¤�5�f�VÇ¶
£2¤¤k���ãÑ�á��é�VÇ"
~2µ£©|¯K¤µ316<¥?1�IS®	¥'m¥§
k1¶�I<§3¶¥I<"'m©o|§z|4<§b½©|�
�Å�§Á¦:
£1¤3¶¥I<Ú1¶�I<3Ó�|�VÇ¶
£2¤3¶¥I<©3n�ØÓ|�VÇ"
~3µ£i§¯K¤µ�1�¬�n+m�§Ù¥km�g
¬§n��¬(m < n)"eÅ�?1u�§¦g¬Ø�ëÑy�
VÇ"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

8.�;V.�O�¯K

~4µ�ngþ!M1§¦Ñy�¡�gêõu�¡�gê�V
Ç"

~5µ`�n+ 1gþ!M1§¯�ng§¦`�Ñ�¡�gêõ
u¯�Ñ�¡�gê�VÇ"

~6µ£���n¤��¥kn�x¥Úm�ç¥(n > m)§y3
�Å/�ël�¥Ø�£�¥§��ò¥�Ü�Ñ§Á¦µ

(a)3�¥L§¥§3,����Ñ�x¥êÚç¥ê���V
Ç;

(b)x¥êo'ç¥êõ�VÇ"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

9.���nã«

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

10.�;V.�O�¯K

~7µb½3�gÀÞ¥§ÿÀ<`�aÜ¦§ÿÀ<¯�bÜ
¦§(a > b) Á¦3O¦L§¥§`�¦ê©ª'¯�¦êõ�
VÇ"
~8µì�È¦?ck2n�<üèï¦§Ù¥n�<�k50�a
�Ü��¦§Ù{n�<�k100�a�Ü��¦"m©È¦�
È¦?Ã"a�é§z�<�ï�Ü50�a�Z¦§¦È¦?
Ø¬éØÑa�VÇ"
~9µl1, 2, . . . , 10ù��êi¥�Å/k�£/�7�êi§
Á¦µ
(1)7�êi�Ú�10�VÇ¶
(2) 7�êi�Ú�20�VÇ"
~10µkmn�¥§Ù¥k1�x¥Ú1�ç¥§Ù{Ñ´ù¥§
rùmn�¥�\m��¥§z��n�¥§¦ç¥�x¥�3Ó
��¥�VÇ"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

11.�VÇúª�A^

~12µ�ë��qþ!M1§��ëYÑyüg�¡��"¦
d¯�TÐÑy31ng�VÇ"

~13µ`�¥k9�x¥Ú1�ç¥§¯�¥k10�x¥§zg
l`¯ü�¥�Å���¥���\,��¥§ù��
3g§
¦ç¥Ñy3`�¥�VÇ"

~14µn�<?1iZ"Ù�{´lCkm�ç¥§n−m�x
¥��f¥�gz<��¥"¯z<��ç¥�VÇ´Ä��º

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n^�VÇ ¯�Õá Á��Õá5 SK�£1¤

12.¯�©Û�VÇO�

~15µ:¥û�¥§Aè�?z�¥�VÇ�p§Bè�?z�
¥�VÇ�q§b½�g���pÕá§õ�?�¥öB��§
¦Aè���VÇ"
~16µ�A,B´Á�E�ü�p½¯�"®
�P (A) = p, P (B) = q, p > 0, q > 0�p+ q < 1§¦�EÕá
E?1�§¯�Au)3¯�Bu)�c�VÇ"
~17µI!1!f3<Þ1'm§zÛok�<��<K£vk
ÚÛ¤§zÛ�`�öÒ��ë\dÛ'm�<2?1'm§X
J,<Äk�
üÛ§K¦Ò´��'m�`�ö§dIû½1
�Û=ü<ë\§Ù¥�f¢å�r§I��
¦gC���V
Ç����§¯¦ATû½1�Ûd=ü�ë\'mº£b½z
�<3��'m¥�Ù¦<�VÇ�ØC�¤

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

1 1"Ù �µ�Ä��¦

2 1�Ù ¯��VÇ

3 1�Ù ^�VÇ�ÚOÕá

4 1nÙ �ÅCþ�©Ù¼ê

5 1oÙ êiA��A�¼ê

6 1ÊÙ 4�½n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

1.�ÅCþ��µ

��o�Ú?�ÅCþ?
(1) d1�!�Ù�·�ïÄ�é�´�Å¯��VÇ§dV
Ç�únz½Â�§lêÆþw§VÇ´½Â3¯��þ�8¼
ê§ù´��#�§))�Vg§´Ä�±òÙ�·�ÙG�:
¼êéXå5"
(2)3ïÄ�Åy��§¤'%�¯Kõ�ê���u)'X¶
�±/Ïu½Â3���mþ�,�¼êL«"~Xµ

����f§Ñy�:êX: 1, 2, . . . , 6

n��¬¥�ØÜ�¬�êY : 0, 1, 2, . . . , n

,û|�US5���êZ : 0, 1, 2, . . . . . .

,«.Ò>ÀÅ�Æ·T : [0,+∞)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

1.�ÅCþ��µ

��o�Ú?�ÅCþ?
(1) d1�!�Ù�·�ïÄ�é�´�Å¯��VÇ§dV
Ç�únz½Â�§lêÆþw§VÇ´½Â3¯��þ�8¼
ê§ù´��#�§))�Vg§´Ä�±òÙ�·�ÙG�:
¼êéXå5"
(2)3ïÄ�Åy��§¤'%�¯Kõ�ê���u)'X¶
�±/Ïu½Â3���mþ�,�¼êL«"~Xµ

����f§Ñy�:êX: 1, 2, . . . , 6

n��¬¥�ØÜ�¬�êY : 0, 1, 2, . . . , n

,û|�US5���êZ : 0, 1, 2, . . . . . .

,«.Ò>ÀÅ�Æ·T : [0,+∞)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

1.�ÅCþ��µ

��o�Ú?�ÅCþ?
(1) d1�!�Ù�·�ïÄ�é�´�Å¯��VÇ§dV
Ç�únz½Â�§lêÆþw§VÇ´½Â3¯��þ�8¼
ê§ù´��#�§))�Vg§´Ä�±òÙ�·�ÙG�:
¼êéXå5"
(2)3ïÄ�Åy��§¤'%�¯Kõ�ê���u)'X¶
�±/Ïu½Â3���mþ�,�¼êL«"~Xµ

����f§Ñy�:êX: 1, 2, . . . , 6

n��¬¥�ØÜ�¬�êY : 0, 1, 2, . . . , n

,û|�US5���êZ : 0, 1, 2, . . . . . .

,«.Ò>ÀÅ�Æ·T : [0,+∞)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

1.�ÅCþ��µ

��o�Ú?�ÅCþ?
(1) d1�!�Ù�·�ïÄ�é�´�Å¯��VÇ§dV
Ç�únz½Â�§lêÆþw§VÇ´½Â3¯��þ�8¼
ê§ù´��#�§))�Vg§´Ä�±òÙ�·�ÙG�:
¼êéXå5"
(2)3ïÄ�Åy��§¤'%�¯Kõ�ê���u)'X¶
�±/Ïu½Â3���mþ�,�¼êL«"~Xµ

����f§Ñy�:êX: 1, 2, . . . , 6

n��¬¥�ØÜ�¬�êY : 0, 1, 2, . . . , n

,û|�US5���êZ : 0, 1, 2, . . . . . .

,«.Ò>ÀÅ�Æ·T : [0,+∞)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

1.�ÅCþ��µ

��o�Ú?�ÅCþ?
(1) d1�!�Ù�·�ïÄ�é�´�Å¯��VÇ§dV
Ç�únz½Â�§lêÆþw§VÇ´½Â3¯��þ�8¼
ê§ù´��#�§))�Vg§´Ä�±òÙ�·�ÙG�:
¼êéXå5"
(2)3ïÄ�Åy��§¤'%�¯Kõ�ê���u)'X¶
�±/Ïu½Â3���mþ�,�¼êL«"~Xµ

����f§Ñy�:êX: 1, 2, . . . , 6

n��¬¥�ØÜ�¬�êY : 0, 1, 2, . . . , n

,û|�US5���êZ : 0, 1, 2, . . . . . .

,«.Ò>ÀÅ�Æ·T : [0,+∞)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

2.�ÅCþ�½Â

�Ω = {ω}�,�Åy�����m§¡½Â3Ω þ�÷v·
�^��¢�¼êX(ω) ��ÅCþ.

�ÅCþX(ω)´��:ω�¼ê,Ù½Â��Ω,Ù��
�R = (−∞,+∞)
eX L«����fÑy�:ê§K{X = 1.5}´Ø�U¯
�.

eX ��ÅCþ§K

{X = k}, {a < X ≤ b}! . . . . . .

þ��Å¯�.
=:{a < X ≤ b} = {ω : a < X(ω) ≤ b}

Ü # ) VÇØÄ:
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2.�ÅCþ�½Â

�Ω = {ω}�,�Åy�����m§¡½Â3Ω þ�÷v·
�^��¢�¼êX(ω) ��ÅCþ.

�ÅCþX(ω)´��:ω�¼ê,Ù½Â��Ω,Ù��
�R = (−∞,+∞)
eX L«����fÑy�:ê§K{X = 1.5}´Ø�U¯
�.

eX ��ÅCþ§K

{X = k}, {a < X ≤ b}! . . . . . .

þ��Å¯�.
=:{a < X ≤ b} = {ω : a < X(ω) ≤ b}
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2.�ÅCþ�½Â

�Ω = {ω}�,�Åy�����m§¡½Â3Ω þ�÷v·
�^��¢�¼êX(ω) ��ÅCþ.

�ÅCþX(ω)´��:ω�¼ê,Ù½Â��Ω,Ù��
�R = (−∞,+∞)
eX L«����fÑy�:ê§K{X = 1.5}´Ø�U¯
�.

eX ��ÅCþ§K

{X = k}, {a < X ≤ b}! . . . . . .

þ��Å¯�.
=:{a < X ≤ b} = {ω : a < X(ω) ≤ b}

Ü # ) VÇØÄ:
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3.5¿

{X = k} = {X ≤ k} − {X < k};

{a < X ≤ b} = {X ≤ b} − {X ≤ a};

{X > b} = Ω− {X ≤ b}

Ó����m�±½ÂØÓ��ÅCþ.

Ü # ) VÇØÄ:
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3.5¿

{X = k} = {X ≤ k} − {X < k};

{a < X ≤ b} = {X ≤ b} − {X ≤ a};

{X > b} = Ω− {X ≤ b}

Ó����m�±½ÂØÓ��ÅCþ.
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3.5¿

{X = k} = {X ≤ k} − {X < k};

{a < X ≤ b} = {X ≤ b} − {X ≤ a};

{X > b} = Ω− {X ≤ b}

Ó����m�±½ÂØÓ��ÅCþ.

Ü # ) VÇØÄ:
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4.�ÅCþ�©Ù¼ê

�X����ÅCþ§é?¿¢êx§¡:

F (x) = P (X < x)

�X �©Ù¼ê.

Ü # ) VÇØÄ:
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5.©Ù¼ê�5�

Ä�5�µ£½n3.1.1¤

F(x) üNØü¶

k.µ0 ≤ F (x) ≤ 1, F (−∞) = 0, F (+∞) = 1;

�ëY:F (x− 0) = F (x)

Ü # ) VÇØÄ:
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5.©Ù¼ê�5�

Ä�5�µ£½n3.1.1¤

F(x) üNØü¶

k.µ0 ≤ F (x) ≤ 1, F (−∞) = 0, F (+∞) = 1;

�ëY:F (x− 0) = F (x)

Ü # ) VÇØÄ:
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5.©Ù¼ê�5�

Ä�5�µ£½n3.1.1¤

F(x) üNØü¶

k.µ0 ≤ F (x) ≤ 1, F (−∞) = 0, F (+∞) = 1;

�ëY:F (x− 0) = F (x)

Ü # ) VÇØÄ:
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5.©Ù¼ê�5�

Ä�5�µ£½n3.1.1¤

F(x) üNØü¶

k.µ0 ≤ F (x) ≤ 1, F (−∞) = 0, F (+∞) = 1;

�ëY:F (x− 0) = F (x)

Ü # ) VÇØÄ:
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5.©Ù¼ê�5�

|^©Ù¼êO�¯��VÇkXeúªµ

P (X = a) = F (a+ 0)− F (a)

P (X ≤ a) = F (a+ 0)

P (X ≥ a) = 1− F (a)

P (X > a) = 1− F (a+ 0)
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6.lÑ.�ÅCþ

£a¤A�:e�ÅCþX �U����ê�k��½���§
K¡X �lÑ�ÅCþ.
£b¤©Ù�
�lÑ�ÅCþX ��U���µ

x1, x2, . . . . . . , xn, . . . . . .

¡pi = P (X = xi), i = 1, 2, . . . . . .�X �©Ù�
©Ù���^L�/ªL«:
X x1 x2 . . . xn . . .

P p1 p2 . . . pn . . .

Ü # ) VÇØÄ:
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7.©Ù��A�5�

(1) pi ≥ 0, (�K5)

(2)
∑

i pi = 1. (�K5)

���ÅCþ=£ã
��VÇ�m

¦lÑ�ÅCþ�©Ù�A5¿:

4 (½�ÅCþ�¤k�U��;

4 O�z���:�VÇ.
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8.5¿

élÑ�ÅCþ�©Ù¼êA5¿µ

F(x)´4O��F¼ê;

Ùmä:þ��ëY�;

Ùmä:=�X��U��:;

Ùmä:�a�pÝ´éA�VÇ�.
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8.5¿

élÑ�ÅCþ�©Ù¼êA5¿µ

F(x)´4O��F¼ê;

Ùmä:þ��ëY�;

Ùmä:=�X��U��:;

Ùmä:�a�pÝ´éA�VÇ�.
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8.5¿

élÑ�ÅCþ�©Ù¼êA5¿µ

F(x)´4O��F¼ê;

Ùmä:þ��ëY�;

Ùmä:=�X��U��:;

Ùmä:�a�pÝ´éA�VÇ�.
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có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

8.5¿

élÑ�ÅCþ�©Ù¼êA5¿µ

F(x)´4O��F¼ê;

Ùmä:þ��ëY�;

Ùmä:=�X��U��:;

Ùmä:�a�pÝ´éA�VÇ�.

Ü # ) VÇØÄ:
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8.5¿

élÑ�ÅCþ�©Ù¼êA5¿µ

F(x)´4O��F¼ê;

Ùmä:þ��ëY�;

Ùmä:=�X��U��:;

Ùmä:�a�pÝ´éA�VÇ�.
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8.~

®�X �©Ù�Xeµ
X 0 1 2

P 1/3 1/6 1/2
¦X �©Ù¼ê.

)µ

F (x) =


0, x < 0
1/3, 0 ≤ x < 1
1/2, 1 ≤ x < 2
1, 2 ≤ x

Ü # ) VÇØÄ:
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9.~^lÑ©Ù

Ñt©Ù:e�ÅCþX �VÇ©Ù�

P (X = k) =
λk

k!
e−λ, k = 0, 1, . . . . . .

K¡X Ñlëê�λ �Ñt©Ù,P�X ∼ P (λ)
��©ÙP� X ∼ B(n, p).

X�nËãpÁ�¥/¤õ0�gê,

P (X = k) =

(
n

k

)
pk(1− p)n−k, k = 0, 1, . . . . . . , n.

�n = 1�§¡b(1, p) �0− 1©Ù

Ü # ) VÇØÄ:
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9.~^lÑ©Ù

Ñt©Ù:e�ÅCþX �VÇ©Ù�

P (X = k) =
λk

k!
e−λ, k = 0, 1, . . . . . .

K¡X Ñlëê�λ �Ñt©Ù,P�X ∼ P (λ)
��©ÙP� X ∼ B(n, p).

X�nËãpÁ�¥/¤õ0�gê,

P (X = k) =

(
n

k

)
pk(1− p)n−k, k = 0, 1, . . . . . . , n.

�n = 1�§¡b(1, p) �0− 1©Ù
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9.~^lÑ©Ù

Ñt©Ù:e�ÅCþX �VÇ©Ù�

P (X = k) =
λk

k!
e−λ, k = 0, 1, . . . . . .

K¡X Ñlëê�λ �Ñt©Ù,P�X ∼ P (λ)
��©ÙP� X ∼ B(n, p).

X�nËãpÁ�¥/¤õ0�gê,

P (X = k) =

(
n

k

)
pk(1− p)n−k, k = 0, 1, . . . . . . , n.

�n = 1�§¡b(1, p) �0− 1©Ù
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10.�AÛ©Ù

P (X = k) =
(Mk )(N−Mn−k )

(Nn)
,P�X ∼ h(n,N,M).

�AÛ©ÙéAuØ�£Ä��.:

. N ��¬¥kM �ØÜ�¬§

. l¥Ä�n�§ØÜ�¬��ê�X .

Ü # ) VÇØÄ:
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11.AÛ©Ù

P (X = k) = (1− p)k−1p k = 1, 2, . . . . . .

P�X ∼ Ge(p)

X �ÕáE�ËãpÁ�¥§/Äg¤õ0��Á�g
ê.

AÛ©ÙäkÃPÁ5§=:

P (X > n+m | X > m) = P (X > n)

Ü # ) VÇØÄ:
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11.AÛ©Ù

P (X = k) = (1− p)k−1p k = 1, 2, . . . . . .

P�X ∼ Ge(p)
X �ÕáE�ËãpÁ�¥§/Äg¤õ0��Á�g
ê.

AÛ©ÙäkÃPÁ5§=:

P (X > n+m | X > m) = P (X > n)
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11.AÛ©Ù

P (X = k) = (1− p)k−1p k = 1, 2, . . . . . .

P�X ∼ Ge(p)
X �ÕáE�ËãpÁ�¥§/Äg¤õ0��Á�g
ê.

AÛ©ÙäkÃPÁ5§=:

P (X > n+m | X > m) = P (X > n)
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12.K��©Ù(ndk©Ù)

P (X = k) =

(
k − 1

r − 1

)
(1− p)k−rpr, k = r, r + 1, . . . . . .

P�:X ∼ Nb(r, p).

5¿µX �ÕáE�ËãpÁ�¥§/1r g¤õ0��Á
�gê.

Ü # ) VÇØÄ:
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13.5¿

5µ
∑∞

k=r C
r−1
k−1p

r(1− p)k−r = 1
y²µ|^�?ê3Âñ�S�Å�¦��5�
�| x |< 1

∑∞
k=1 x

k−1 = 1
1−x

∞∑
k=2

(k − 1)xk−2 =
1

(1− x)2

∞∑
k=3

(k − 1)(k − 2)xk−3 =
2

(1− x)3

=⇒
∞∑
k=3

C2
k−1x

k−3 =
1

(1− x)3

Ü # ) VÇØÄ:
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14.5¿(Y)

8B/:
∞∑
k=r

Cr−1
k−1x

k−r =
1

(1− x)r

- x = 1− p

=⇒
∞∑
k=r

Cr−1
k−1(1− p)k−r =

1

(p)r

=⇒
∞∑
k=r

Cr−1
k−1p

r(1− p)k−r = 1
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15.Ñt½n

(��©Ù�ÑtCq)£P93½n2.4.1¤

3nËãpÁ�¥§Ppn ��gÁ�¥¤õ�V
Ç.enpn → λK:(

n

k

)
pkn(1− pn)n−k → λk

k!
e−λ

Ü # ) VÇØÄ:
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16.Ñt½ny²

y:P npn = λn

CknP
k
n (1− pn)n−k

=
n(n− 1) . . . (n− k + 1)

k!

(
λ

n

)k(
1− λn

n

)n−k
=
(

1− 1

n

)
. . .
(

1− k − 1

n

)(λkn
k!

)(
1− λn

n

)− n
λn

(−λn)(n−kn )

→ e−λ λ
k

k! k = 1, 2, . . . . . .
Ñt©Ù¥ëê��¢S¿Â

Ü # ) VÇØÄ:
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16.~

,,��¬ØÜ�Ç�0.03, yò�¬C�, e�±Ø�
u90%�VÇ�yz�¥��k100 �Ü�¬, Kz���AC
õ���¬º

Ü # ) VÇØÄ:
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16.~())

)µ �z���AC100 + n�, z��ØÜ�¬�ê�X ,
KX ∼ B(100 + n, 0.03)
dK¿: P (X ≤ n) =

∑n
k=0 P100+n(k) ≥ 0.9

(100 + n)0.03 = 3 + 0.03n ≈ 3� λ = 3 A^Poisson½n

n∑
k=0

P100+n(k) ≈
n∑
k=0

3k

k!
e−3 = 1−

∞∑
k=n+1

3k

k!
e−3 ≥ 0.9

=⇒
∑∞

k=n+1
3k

k! e
−3 ≤ 0.1,�Poisson©ÙL,λ = 3

�n+ 1 = 6, n = 5 �z���AC105��¬,âUÎÜ�¦.

Ü # ) VÇØÄ:
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17.��©Ù¥��UÑygê�½Â�í�

eP (X = k) ≥ P (X = j), j = X������§K¡k���
UÑy�gê
Ppk = P (X = k) =

(
n
k

)
pk(1− p)n−k, k = 0, 1, . . . . . . , n.

pk−1

pk
= (1−p)k

p(n−k−1) ≤ 1
pk
pk+1

= (1−p)(k+1)
p(n−k) ≥ 1

}

=⇒ (n+ 1)p− 1 ≤ k ≤ (n+ 1)p

�(n+ 1)p =�ê�,3k = (n+ 1)p�(n+ 1)p− 1?�VÇ
�����¶

�(n+ 1)p 6=�ê�, 3k = [(n+ 1)p]?�VÇ����
�"

Ü # ) VÇØÄ:
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17.��©Ù¥��UÑygê�½Â�í�

eP (X = k) ≥ P (X = j), j = X������§K¡k���
UÑy�gê
Ppk = P (X = k) =

(
n
k

)
pk(1− p)n−k, k = 0, 1, . . . . . . , n.

pk−1

pk
= (1−p)k

p(n−k−1) ≤ 1
pk
pk+1

= (1−p)(k+1)
p(n−k) ≥ 1

}

=⇒ (n+ 1)p− 1 ≤ k ≤ (n+ 1)p

�(n+ 1)p =�ê�,3k = (n+ 1)p�(n+ 1)p− 1?�VÇ
�����¶

�(n+ 1)p 6=�ê�, 3k = [(n+ 1)p]?�VÇ����
�"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

17.��©Ù¥��UÑygê�½Â�í�

eP (X = k) ≥ P (X = j), j = X������§K¡k���
UÑy�gê
Ppk = P (X = k) =

(
n
k

)
pk(1− p)n−k, k = 0, 1, . . . . . . , n.

pk−1

pk
= (1−p)k

p(n−k−1) ≤ 1
pk
pk+1

= (1−p)(k+1)
p(n−k) ≥ 1

}

=⇒ (n+ 1)p− 1 ≤ k ≤ (n+ 1)p

�(n+ 1)p =�ê�,3k = (n+ 1)p�(n+ 1)p− 1?�VÇ
�����¶

�(n+ 1)p 6=�ê�, 3k = [(n+ 1)p]?�VÇ����
�"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

18.AÛ©Ù�ÃPÁ5

(1)XJXÑlëê�p�AÛ©Ù§Kµ

P (X > n+m | X > m) = P (X > n);

(2)�X´���ê���ÅCþ§XJé?¿���êm,nk

P (X > n+m | X > m) = P (X > n)

KXÑlAÛ©Ù"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

16.~

[©Ù5¯K]µ`!¯�<ÙÆ§�ÑÙ550�§�100�§z
Û`!¯��Å¬þ�§Ñ´1/2"�½µXk�÷3ÛK¦I�
�ÜÙ5100�§y®Ù�3Û§`2�1K§�Ï�¥äÙÆ§¯
ù100�Ù5TXÛ©�2<§â�ú²

[¯K���z]µ`!¯�<ÙÆ§�ÑÙ550�§�100�§
zÛ`��VÇ�p§¯��VÇ�q = 1− p"�½µXk�tÛ
K¦I��ÜÙ5100�§y`�r(r < t)Û§¯�s(s < t)Û"
�Ï�¥äÙÆ§¯ù100�Ù5TXÛ©�2<§â�ú²?

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

19.ëY.�ÅCþ

�!ëY.�ÅCþ�½Â

��ÅCþX �©Ù¼ê�F (x),e�3�K�È¼êp(x) §÷
vµ

F (x) =

∫ x

−∞
p(t)dt

K¡X �ëY�ÅCþ§¡p(x)�VÇ�Ý¼ê§{¡�Ý¼
ê.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.©Ù�Ý(�Ý¼ê)A�5�µ

• p(x) ≥ 0; (�K5)

•
∫∞
−∞ p(x)dx = 1 (�K5)

÷v±þü�^��¼êÑ�±w¤,�ëY�ÅCþ�VÇ
�Ý¼ê.

VÇ¿ÂµP (X ∈ (x− h, x+ h)) ≈ 1/2p(x)h

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

21.5:

(1) P{a < X ≤ b} = P{a < X < b}
=P{ a ≤ X < b}
=P{ a ≤ X ≤ b}
=F(b)-F(a).

(2) F (x)´(−∞,+∞)þ�ëY¼ê;

(3) P (X = x) = F (x)− F (x− 0) = 0;

(4) �F (x) 3x:���,p(x) = F ′(x)

�F (x) 3x:Ø���,, �-p(x) = 0.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

22.lÑ.�ëY.

lÑ. ëY.
1.©Ù�: pn = P (X = xn)(��) ↔ 1.�Ý¼ê:X ∼ p(x)(Ø
��)

2.F (x) =
∑

xi≤x P (X = xi) ↔ 2.F (x) =
∫ x
−∞ p(t)dt

3.F (a− 0) = F (a) ↔ 3.P{a < X < b} = F (b)− F (a).

4.::O� ↔ 4.P (X = a) = 0

5.F (x)��F¼ê ↔ 5.F (x)�ëY¼ê"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

23.~��ëY.�ÅCþ

• ��©Ù

• þ!©Ù

• �ê©Ù

• Γ−©Ù

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

24.��©Ù

p(x) =
1√
2πσ

exp

{
−(x− µ)2

2σ2

}
,−∞ < x <∞

P�X ∼ N(µ, σ2), Ù¥σ > 0, µ´?¿¢ê.

• µ ´ �ëê.

• σ´ºÝëê.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

25.é�Ý¼ê�©Û

(1) p(x)'uµ´é¡�,3µ:p(x)�����

(2) eσ�½, µUC,p(x)�m£Ä,/G�±ØC.

(3) eµ�½, σUC,σ����²";σ����Í�.

(4) p(x)´éê]¼ê"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

26.IO��©ÙN(0, 1)

�Ý¼êP�:
ϕ(x)

©Ù¼êP�:
Φ(x)

• Φ(0) = 1
2

• Φ(−x) = 1− Φ(x)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

27.����©Ù�IO��©Ù

�X ∼ N(µ, σ2),Y = X−µ
σ K

Y ∼ N(0, 1)

�X ∼ N(µ, σ2),K

F (x) = Φ

(
x− µ
σ

)
�X ∼ N(µ, σ2),K

P (X < a) = Φ

(
a− µ
σ

)
, P (X > a) = 1− Φ

(
a− µ
σ

)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

28.Φ(x)�O�

(1) x ≥ 0�,�IO��©Ù¼êL.
(2) x ≤ 0�,^Φ(x) = 1− Φ(−x)
e∼ N(0, 1),K

P (X ≤ a) = Φ(a);

P (X > a) = 1− Φ(a);

P (a < X < b) = Φ(b)− Φ(a);

ea ≥ 0,K
P (| X |< a) = P (−a < X < a) = Φ(a)− Φ(−a)

= Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

28.Φ(x)�O�

(1) x ≥ 0�,�IO��©Ù¼êL.
(2) x ≤ 0�,^Φ(x) = 1− Φ(−x)
e∼ N(0, 1),K

P (X ≤ a) = Φ(a);

P (X > a) = 1− Φ(a);

P (a < X < b) = Φ(b)− Φ(a);

ea ≥ 0,K
P (| X |< a) = P (−a < X < a) = Φ(a)− Φ(−a)

= Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

28.Φ(x)�O�

(1) x ≥ 0�,�IO��©Ù¼êL.
(2) x ≤ 0�,^Φ(x) = 1− Φ(−x)
e∼ N(0, 1),K

P (X ≤ a) = Φ(a);

P (X > a) = 1− Φ(a);

P (a < X < b) = Φ(b)− Φ(a);

ea ≥ 0,K
P (| X |< a) = P (−a < X < a) = Φ(a)− Φ(−a)

= Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

28.Φ(x)�O�

(1) x ≥ 0�,�IO��©Ù¼êL.
(2) x ≤ 0�,^Φ(x) = 1− Φ(−x)
e∼ N(0, 1),K

P (X ≤ a) = Φ(a);

P (X > a) = 1− Φ(a);

P (a < X < b) = Φ(b)− Φ(a);

ea ≥ 0,K
P (| X |< a) = P (−a < X < a) = Φ(a)− Φ(−a)

= Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

28.Φ(x)�O�

(1) x ≥ 0�,�IO��©Ù¼êL.
(2) x ≤ 0�,^Φ(x) = 1− Φ(−x)
e∼ N(0, 1),K

P (X ≤ a) = Φ(a);

P (X > a) = 1− Φ(a);

P (a < X < b) = Φ(b)− Φ(a);

ea ≥ 0,K
P (| X |< a) = P (−a < X < a) = Φ(a)− Φ(−a)

= Φ(a)− [1− Φ(a)] = 2Φ(a)− 1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

29.3σ5K

�X ∼ N(µ, σ2),K
• P (| X − µ |< σ) = 0.6828.
• P (| X − µ |< 2σ) = 0.9545
• P (| X − µ |< 3σ) = 0.9973.
P (| X − µ |< 3σ) = P (µ− 3σ < X < µ+ 3σ)
= Φ

(µ+3σ−µ
σ

)
− Φ

(µ−3σ−µ
σ

)
= Φ(3)− Φ(−3) = 2Φ(3)− 1 = 2× 0.9987− 1 = 0.9974
d3σ�n�,�a < −3 �,Φ(a) ≈ 0;�b > 3�,Φ(b) ≈ 1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

30.IO��©Ù�þα© êzα

�X ∼ N(0, 1), 0 < α < 1, ¡÷v

P (X > zα) = α

�:zα�X�þα© ê

~^êâ:z0.05 = 1.645, z0.025 = 1.96
Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

31.þ!©Ù

eX �d.f �

f(x) =

{
1
b−a , a < x < b

0, else

K¡XÑl«m(a, b)þ�þ!©Ù½¡X Ñlëê�a, b�þ
!©Ù. P�

X ∼ U(a, b)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.þ!©Ù�©Ù¼ê

eX ∼ U(a, b),KX �©Ù¼ê�

F (x) =

∫ x

−∞
p(t)dt =


0, x < a,
x−a
b−a , a ≤ x < b

1, x ≥ b

∀(c, d) ⊂ (a, b),

P (c < X < d) =

∫ d

c

1

b− a
dx =

d− c
b− a

=X á3(a, b)S?Û��d− c��«m�VÇ��«m� �
Ã', ��Ù�Ý¤�'. ù�´AÛV.��/.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

33.�ê©Ù

eX �d.f �

f(x) =

{
λe−λx, x > 0
0, else

λ > 0�~ê.K¡X Ñlëê�λ��ê©Ù
P�X ∼ E(λ),X �©Ù¼ê�

F (x) =

{
0, x < 0
1− e−λx, x ≥ 0

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

33.�ê©Ùã�

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

34.�ê©Ù�/ÃPÁ50

eX ∼ E(λ),K

P (X > s+ t | X > s) = P (X > t)

¯¢þ

P (X > s+ t | X > s) =
P (X > s+ t,X > s)

P (X > s)
=
P (X > s+ t)

P (X > s)

=
1− P (X ≤ s+ t)

1− P (X ≤ s)
=

1− F (s+ t)

1− F (s)

=
e−λ(s+t)

e−λs
= e−λt = P (X > t)

• �qr�ê©Ù¡�/[�c�0�©Ù.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

35.³ç©Ù

p(x) =
λα

Γ(α)
xα−1e−λx, x ≥ 0

P�X ∼ Ga(α, λ),Ù¥α > 0, λ > 0.
¡Γ(α) =

∫ +∞
0 xα−1e−xdx�³ç¼ê.

5µ

• Γ(1) = 1, Γ(1/2) =
√
π, Γ(n+ 1) = n!

• Ga(1, λ) = Exp(λ)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

36.�©©Ù

p(x) =
1

B(a, b)
xa−1(1− x)b−1, 0 < x < 1

P�X ∼ Be(a, b),Ù¥a > 0, b > 0.
¡B(a, b) =

∫ 1
0 x

a−1(1− x)b−1dx��©¼ê.
5µ
• B(a, b) = B(b, a)
•

B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)

• Be(1, 1) = U(0, 1)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

36.g�K

þ°,ck9�¶p¥.�)ë\p�, (Jk5.4�¶��a
p�¹�. �Á÷©�600©§540©±þk2025<, 360©±e
k13500<. Á�Op�¹��$©.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

1.�Å�þ£õ��ÅCþ¤

½ÂµeX,Y ´ü�½Â3Ó�����mþ��ÅCþ§K
¡(X,Y ) ´ü��Å�þ.

Ón�½Ân ��Å�þ£n��ÅCþ¤.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

2.�Å�þ�éÜ©Ù¼ê

½Âµ(±e=?Øü��ÅCþ)
?é¢êx Úy ,¡

F (x, y) = P (X < x, Y < y)

�(X,Y ) �éÜ©Ù¼ê.

• 5¿µ
F (x, y)�(X,Y )á3:(x, y)��e«��VÇ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

2.�Å�þ�éÜ©Ù¼ê

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3.éÜ©Ù¼ê�Ä�5�

F (x, y)'uxÚy©OüNO. (üN5)

0 ≤ F (x, y) ≤ 1, �
F (−∞, y) = F (x,−∞) = 0, F (+∞,+∞) = 1. (k.5)

F (x, y) 'ux Úy©O�ëY (�ëY5)

�a < b, c < d �§k (�K5)
F (b, d)− F (b, c)− F (a, d) + F (a, c) ≥ 0.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3.éÜ©Ù¼ê�Ä�5�

F (x, y)'uxÚy©OüNO. (üN5)

0 ≤ F (x, y) ≤ 1, �
F (−∞, y) = F (x,−∞) = 0, F (+∞,+∞) = 1. (k.5)

F (x, y) 'ux Úy©O�ëY (�ëY5)

�a < b, c < d �§k (�K5)
F (b, d)− F (b, c)− F (a, d) + F (a, c) ≥ 0.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3.éÜ©Ù¼ê�Ä�5�

F (x, y)'uxÚy©OüNO. (üN5)

0 ≤ F (x, y) ≤ 1, �
F (−∞, y) = F (x,−∞) = 0, F (+∞,+∞) = 1. (k.5)

F (x, y) 'ux Úy©O�ëY (�ëY5)

�a < b, c < d �§k (�K5)
F (b, d)− F (b, c)− F (a, d) + F (a, c) ≥ 0.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3.éÜ©Ù¼ê�Ä�5�

F (x, y)'uxÚy©OüNO. (üN5)

0 ≤ F (x, y) ≤ 1, �
F (−∞, y) = F (x,−∞) = 0, F (+∞,+∞) = 1. (k.5)

F (x, y) 'ux Úy©O�ëY (�ëY5)

�a < b, c < d �§k (�K5)
F (b, d)− F (b, c)− F (a, d) + F (a, c) ≥ 0.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3.éÜ©Ù¼ê�Ä�5�

F (x, y)'uxÚy©OüNO. (üN5)

0 ≤ F (x, y) ≤ 1, �
F (−∞, y) = F (x,−∞) = 0, F (+∞,+∞) = 1. (k.5)

F (x, y) 'ux Úy©O�ëY (�ëY5)

�a < b, c < d �§k (�K5)
F (b, d)− F (b, c)− F (a, d) + F (a, c) ≥ 0.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

4.5¿

P (X > a, Y > c) 6= 1− F (a, c)

P (X > a, Y > c) = P (a < X < +∞, c < Y < +∞)

= 1− F (+∞, c)− F (a,+∞) + F (a, c)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5.��lÑ�ÅCþéÜ©Ù�

e(X,Y )��U���k�é!½��é§K¡(X,Y )���
lÑ�ÅCþ.
¡pij = P (X = Xi, Y = yj), i, j = 1, 2, . . . , �(X,Y) �éÜ©Ù
�§ÙL�/ªXe:

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

6.éÜ©Ù��Ä�5�

(1) :
pij ≥ 0, i, j = 1, 2, . . .

(�K5)

(2) : ∑∑
pij = 1,

(�K5)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

7.(½éÜ©Ù���{

(1) (½�ÅCþ(X, Y) �¤k��êé.

(2) O��z�ê�é�VÇ

(3) �ÑL�.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

7.~

ò�qþ!�M1��4g§XL«�¡�þ�gê§YL«�
¡�þgê"¦(X,Y ) �éÜ©Ù�.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

7.~())

)µ
VÇ�"�(X,Y ) �U��é�:

X Y ÙéA�VÇ©O�µ

0 4 P (X = 0, Y = 4) = 0.54 = 1/16

1 3 P (X = 1, Y = 3) = C1
4 × 0.5× 0.53 = 1/4

2 2 P (X = 2, Y = 2) = C2
4 × 0.52 × 0.52 = 6/16

3 1 P (X = 3, Y = 1) = C3
4 × 0.53 × 0.51 = 1/4

4 0 P (X = 4, Y = 0) = 0.54 = 1/16

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

7.~())

)µ
�L�µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

8.éÜ�Ý¼ê

����ÅCþ(X,Y ) �©Ù¼ê�F (x, y)§e�3�K�È
¼êp(x, y)¦�

F (x, y) =

∫ x

−∞

∫ y

−∞
p(u, v)dvdu

K¡(X,Y ) ���ëY.�ÅCþ,¡p(x, y) �éÜ�Ý¼ê"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

9.éÜ�Ý¼ê�Ä�5�

(1) :
p(x, y) ≥ 0.

(�K5)
(2) : ∫ +∞

−∞

∫ +∞

−∞
p(x, y)dxdy = 1,

(�K5)
• 5¿µ

P{(X,Y ) ∈ D} =

∫ ∫
D
p(x, y)dxdy

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

10.õ�©Ù

ezgÁ�kr «(J:A1, A2, . . . . . . , ArP

P (Ai) = pi, i = 1, 2, . . . . . . , r

PXi�ngÕáEÁ�¥Ai Ñy�gê.
K(X1, X2, . . . . . . , Xr)�éÜ©Ù��µ

P (X1 = n1, X2 = n2, . . . . . . , Xr = nr) =
n!

n1!n2! . . . nr!
pn1

1 pn2
2 . . . pnrr

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

11.õ��AÛ©Ù

��¥kN �¥§©¤r a,1i«¥kNi �§

N1 +N2 + . . . · · ·+Nr = N.

l¥?�n�§PXi��Ñ�n�¥¥§1i«¥��ê.
K(X1, X2, . . . . . . , Xr)�éÜ©Ù��µ

P (X1 = n1, X2 = n2, . . . . . . , Xr = nr) =

(
N1

n1

)(
N2

n2

)
. . . . . .

(
N
nr

)
CnN

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

12.��þ!©Ù

e��ëY�ÅCþ(X,Y ) �éÜ�Ý�µ

p(x, y) =

{ 1
SD
, (x, y) ∈ D

0, else

Ù¥SD�D�¡È.K¡(X,Y ) ÑlDþ�þ!©Ù§P�

(X,Y ) ∼ U(D).

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

13.����©Ù

e��ëY�ÅCþ(X, Y) �éÜ�Ý�µ

p(x, y) = 1

2πσ1σ2

√
1−ρ2

exp

{
− 1

2(1−ρ2)

[
(x−µ1)2

σ2
1

+ (y−µ2)2

σ2
2

- 2 ρ (x−µ1)(y−µ2)
σ1σ2

]}
K¡(X, Y) Ñl����©Ù§P�

(X,Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

13.����©Ù�Ý¼êã

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

13.~

e

(X,Y ) ∼ p(x, y) =

{
6e−(2x+3y), x ≥ 0, y ≥ 0
0, else

Á¦P{(X,Y ) ∈ D},Ù¥D�2x+ 3y ≤ 6

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

13.~())

)µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

14.~

����ÅCþ(X,Y ) ��Ý¼ê�:

p(x, y) =

{
e−y, 0 < x < y
0, else

¦VÇP{X + Y ≤ 1}.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

14.~())

)µ

P{X + Y ≤ 1} =

∫ 1/2

0
dx

∫ 1−x

x
e−ydy

= 1 + e−1 − 2e−
1
2

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

14.>S©Ù

®����ÅCþ(X,Y ) �©Ù§
´Ä�d(X,Y )�éÜ©Ù¦ÑX ÚY�g�©Ùº

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

15.>S©Ù¼ê

s�(X,Y ) �éÜ©Ù¼ê�F (x, y) K

X ∼ FX(x) = F (x,+∞)

Y ∼ FY (y) = F (+∞, y)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

16.>S©Ù�

s�(X,Y ) �éÜ©Ù��pij K
X�©Ù��µ

pi = P (X = xi) =

+∞∑
j=1

pij = pi.

Y �©Ù��µ

pj = P (Y = yj) =

+∞∑
i=1

pij = p.j

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

16.>S©Ù�ã

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

17.>S�Ý¼ê

s�(X,Y ) �éÜ�Ý¼ê�p(x, y)
K
X ��Ý¼ê�µ

p(x) =

∫ +∞

−∞
p(x, y)dy

Y ��Ý¼ê�µ

p(y) =

∫ +∞

−∞
p(x, y)dx

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

18.5¿

déÜ©Ù�±¦Ñ>S©Ù.

�d>S©Ù��Ã{¦ÑéÜ©Ù.

¤±éÜ©Ù�¹�õ�&E.

����©Ù�>S©Ù´����µe

(X,Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

K
X ∼ N(µ1, σ

2
1), Y ∼ N(µ2, σ

2
2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

18.5¿

déÜ©Ù�±¦Ñ>S©Ù.

�d>S©Ù��Ã{¦ÑéÜ©Ù.

¤±éÜ©Ù�¹�õ�&E.

����©Ù�>S©Ù´����µe

(X,Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

K
X ∼ N(µ1, σ

2
1), Y ∼ N(µ2, σ

2
2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

18.5¿

déÜ©Ù�±¦Ñ>S©Ù.

�d>S©Ù��Ã{¦ÑéÜ©Ù.

¤±éÜ©Ù�¹�õ�&E.

����©Ù�>S©Ù´����µe

(X,Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

K
X ∼ N(µ1, σ

2
1), Y ∼ N(µ2, σ

2
2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

18.5¿

déÜ©Ù�±¦Ñ>S©Ù.

�d>S©Ù��Ã{¦ÑéÜ©Ù.

¤±éÜ©Ù�¹�õ�&E.

����©Ù�>S©Ù´����µe

(X,Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

K
X ∼ N(µ1, σ

2
1), Y ∼ N(µ2, σ

2
2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

18.5¿

déÜ©Ù�±¦Ñ>S©Ù.

�d>S©Ù��Ã{¦ÑéÜ©Ù.

¤±éÜ©Ù�¹�õ�&E.

����©Ù�>S©Ù´����µe

(X,Y ) ∼ N(µ1, µ2, σ
2
1, σ

2
2, ρ).

K
X ∼ N(µ1, σ

2
1), Y ∼ N(µ2, σ

2
2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

19.y²

fX(x) =
e−x

2/2(1−ρ2)

2π
√

1− ρ2

∫ ∞
−∞

e−(y2−2ρxy)/2(1−ρ2)dy

=
e−x

2/2(1−ρ2)

2π
√

1− ρ2

∫ ∞
−∞

e−(y2−2ρxy+ρ2x2−ρ2x2)/2(1−ρ2)dy

=
e−x

2(1−ρ2)/2(1−ρ2)

2π
√

1− ρ2

∫ ∞
−∞

e−(y−ρx)2/2(1−ρ2)√
2π(1− ρ2)

dy

=
1√
2π
e−x

2/2

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

19.~

(��þ!©Ù�>S©ÙØ�½´��þ!©Ù.) �(X,Y )Ñ
l«�D = {(x, y), x2 + y2 < 1} þ�þ!©Ù§¦X�>S�
Ýp(x).

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

19.~())

)µdK¿�

p(x, y) =

{
1
π , x2 + y2 ≤ 1
0, else

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

19.~())

�| x |> 1�§p(x, y) = 0§¤±p(x) = 0

�| x |≤ 1�§

p(x) =

∫ √1−x2

−
√

1−x2

1

π
dy =

2

π

√
1− x2

Ø´þ!©Ù

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.^�©Ù(1)

��lÑr.v.�^�©ÙÆ
���lÑ.r.v.(X,Y )�©Ù

P (X = xi, Y = yj) = pij , i, j = 1, 2, . . .

e pi. = P (X = xi) =
∑∞

j=1 pij > 0 K¡

P (X = xi, Y = yj)

P (X = xi)
=
pij
pi.

= P (Y = yj | X = xi) j = 1, 2, . . .

�3X = xi �^�e, Y �^�©ÙÆ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.^�©Ù(2)

e p.j = P (Y = yi) =
∑∞

i=1 pij > 0 K¡

P (X = xi, Y = yj)

P (Y = yj
=
pij
p.j

= P (X = xi | Y = yj) j = 1, 2, . . .

�3Y = yj �^�e, X �^�©ÙÆ

P (X = xi, Y = yj) = P (X = xi)P (Y = yj | X = xi)

= P (Y = yi)P (X = xi | Y = yj), i, j = 1, 2, . . .

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.^�©Ù(3)

P (X = xi) =

∞∑
j=1

pij =

∞∑
j=1

P (X = xi, Y = yj)

=

∞∑
j=1

P (X = xi | Y = yj)P (Y = yj), i, j = 1, 2, . . .

P (Y = yj) =

∞∑
i=1

pij =

∞∑
i=1

P (X = xi, Y = yj)

=

∞∑
i=1

P (Y = yj | X = xi)P (X = xi), i, j = 1, 2, . . .

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.~

rn�¥��U/�\?Ò�1, 2, 3�n�Ýf¥, zÝ�N¥
êÃ�. PX �á\1ÒÝ�¥ê, Y �á\2 ÒÝ�¥ê§¦

(1) 3Y = 0 �^�e§X�©ÙÆ¶

(2) 3X = 2�^�e§Y�©ÙÆ.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

21.¦)(1)

k¦éÜ©Ù§

P (X = i, Y = j) = P (X = i)P (Y = j | X = i)

= Ci3

(
1

3

)i(2

3

)3−i
Cj3−i

(
1

2

)j(1

2

)3−i−j

,j = 0, . . . , 3− i; i = 0, 1, 2, 3; ÙéÜ©Ù�>�©ÙXeL¤«

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

21.¦)(1)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

21.¦)(2)

P (X = i | Y = 0) =
P (X = i, Y = 0)

P (Y = 0)

=
P (X = i, Y = 0)

8/27
i = 0, 1, 2, 3

òL¥1�1êâ�\�^�©Ù:
X 0 1 2 3

P (X = i | Y = 0) 1/8 3/8 3/8 1/8

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

21.¦)(3)

�X = 2�§Y��U�0�1.òL¥1n�êâ�\eª

P (Y = j | X = 2) =
P (X = 2, Y = j)

2/9
, j = 0, 1

�Y �^�©Ù:
X 0 1

P (Y = j | X = 2) 1/2 1/2

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

22.��ëY.�ÅCþ�^�©ÙÚ^��Ý

�X ëY�, ^�©ÙØU^P (X = xi | Y = yj) 5½Â, Ï�

P (X = xi | Y = yj) ≡ 0

AT^
P (X ≤ x | Y = y)

5½Â.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

23.^��Ýúªí�

� 4y > 0
P (X ≤ x | y −4y < Y ≤ y)

=
P (X ≤ x, y −4y < Y ≤ y)

P (y −4y < Y ≤ y)

=
F (x, y)− F (x, y −4y)

FY (y)− FY (y −4y)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

23.^��Ýúªí�(Y)

lim
4y→0+

[
F (x, y −4y)− F (x, y)

]
/(−4y)[

FY (y −4y)− FY (y)

]
/(−4y)

=

∂F (x,y)
∂y

dFY (y)
dy

=

∫ x
−∞ f(u, y)du

fY (y)

= P (X ≤ x | Y = y)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

24.^�©Ù¼ê

ef(x, y) 3:(x, y) ëY, fY (y)3:y?ëY�fY (y) > 0, K¡

∂F (x,y)
∂y

dFY (y)
dy

=

∫ x
−∞ f(u, y)du

fY (y)
=

∫ x

−∞

f(u, y)

fY (y)
du

�Y = y �§X�^�©Ù¼ê, P�

FX|Y (x | y) =

∫ x

−∞

f(u, y)

fY (y)
du

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

25.^�©Ù¼ê(Y¤

¡

fX|Y (x | y) =
f(x, y)

fY (y)

�Y = y �^�eX �^�p.d.f.aq/, ¡

FY |X(y | x) =

∫ y

−∞

f(x, ν)

fX(x)
dν

�X = x�^�eY�^�©Ù¼ê;¡

fY |X(y | x) =
f(x, y)

fX(x)

�X = x �^�eY�^�p.d.f.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

26.5¿(1)

• FX|Y (x | y), fX|Y (x | y) =´x�¼ê,y´~ê, éz
�fY (y) > 0 �y ?, ��ÎÜ½Â�^�, ÑU½Â�A�¼ê.
FY |X(y | x), fY |X(y | x)��Øã.

f(x, y) = fX(x)fY |X(y | x) fX(x) > 0

= fY (y)fX|Y (x | y) fY (y) > 0

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

26.5¿(2)

fX(x) =

∫ +∞

−∞
f(x, y)dy =

∫ +∞

−∞
fX|Y (x | y)fY (y)dy

fY (y) =

∫ +∞

−∞
f(x, y)dx =

∫ +∞

−∞
fY |X(y | x)fX(x)dx

fX|Y (x | y) =
f(x, y)

fY (y)
=
fY |X(y | x)fX(x)

fY (y)

fY |X(y | x) =
f(x, y)

fX(x)
=
fX|Y (x | y)fY (y)

fX(x)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

27.~2

®�(X,Y )Ñl��x2 + y2 ≤ r2þ�þ!©
Ù,¦fX|Y (x | y), fY |X(y | x)
):

f(x, y) =

{
1
πr2 , x2 + y2 < r2

0, else

dc~�µ

fX(x) =

∫ +∞

−∞
f(x, y)dy =

{
2
√
r2−x2

πr2 , −r < x < r
0, else

Ónµ

fY (y) =

∫ +∞

−∞
f(x, y)dx =

{
2
√
r2−y2

πr2 , −r < y < r
0, else

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

27.~2(Y)

u´d^�©Ù�½Â�µ�r < y < r �§

fX|Y (x | y) =
f(x, y)

fY (y)
=

{
1

2
√
r2−y2

, −
√
r2 − y2 < x <

√
r2 − y2

0, else

−−−ùpy´~ê§�Y = y�§X ∼ U(−
√
r2 − y2,

√
r2 − y2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

27.~2(Y)

�r < x < r �§

fY |X(y | x) =
f(x, y)

fX(x)
=

{
1

2
√
r2−x2

, −
√
r2 − x2 < y <

√
r2 − x2

0, else

−−−ùpx´~ê§�X = x�§Y ∼ U(−
√
r2 − x2,

√
r2 − x2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

28.~3

®�(X,Y ) ∼ N(µ1, σ
2
1;µ2, σ

2
2; ρ)

¦fX|Y (x | y)
):

fX|Y (x | y) =
f(x, y)

fY (y)

=

1

2πσ1σ2

√
1−ρ2

e

− 1
2(1−ρ2)

[
(x−µ1)2

σ2
1

+
(y−µ2)2

σ2
2
−2ρ

(x−µ1)(y−µ2)
σ1σ2

]

1√
2πσ2

e
− (y−µ2)2

2σ2
2

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

28.~3(Y)

=
1

√
2πσ1

√
1− ρ2

e
− 1

2σ2
1(1−ρ2)

[
(x−µ1)−ρσ1

σ2
(y−µ2)

]2

fX|Y (x | y) ∼ N
(
µ1 +

σ1

σ2
(y − µ2), σ2

1(1− ρ2)

)
Ón§

fY |X(y | x) ∼ N
(
µ2 +

σ2

σ1
(x− µ1), σ2

2(1− ρ2)

)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

29.~4

f(x, y) =

{
8xy, 0 ≤ x ≤ y, 0 ≤ y ≤ 1
0, else

¦fX|Y (x | y), fY |X(y | x)
):

fX(x) =

{ ∫ 1
x 8xydy, 0 ≤ x ≤ 1

0, else
=

{
4x(1− x2), 0 ≤ x ≤ 1
0, else

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

29.~4(Y)

fY (y) =

{ ∫ y
0 8xydx, 0 ≤ y ≤ 1

0, else

=

{
4y3, 0 ≤ y ≤ 1
0, else

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

29.~4(Y)

�0 < y < 1�§

fX|Y (x | y) =
f(x, y)

fY (y)
=

{ 2x
y2 , 0 ≤ x ≤ y
0, else

�0 < x < 1 �§

fY |X(y | x) =
f(x, y)

fX(x)
=

{ 2y
1−x2 , x ≤ y ≤ 1

0, else

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

30.�ÅCþm�Õá5

ü�r.v. ��pÕá5
½Â:�(X,Y )���r.v. eé?Û¢êx, y Ñk

P (X < x, Y < y) = P (X < x)P (Y < y)

K¡r.v.XÚY �pÕá
d½Â�:��r.v.(X,Y ) �pÕá⇐⇒

F (x, y) = FX(x)FY (y)

⇐⇒

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

31.�ÅCþÕá�äNL�

lÑ. X�Y Õá⇐⇒ é��i, j k

pij = pi.p.j

=: P (X = xi, Y = yj) = P (X = xi, Y = yj)
ëY. X�Y Õá⇐⇒ é?Ûx, y k

f(x, y) = fX(x)fY (y) (a.e)

• ���ÅCþ( X, Y ) �pÕá, K>�©Ù��(½éÜ©
Ù. ��ëYr.v.(X,Y ) �pÕá=⇒

fX(x) = fX|Y (x | y) (fY (y) > 0)

fY (y) = fY |X(y | x) (fX(x) > 0)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.5¿

X �Y´Õá�Ù��´µ?é¢êa, b, c, dk

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

X �Y ´Õá�§Kg(X)�h(Y )�´Õá�.

eéÜ�Ýp(x, y) �©lCþ§=

p(x, y) = g(x)h(y)

KX�Y Õá"

e(X,Y ) Ñl����N(µ1, µ2, σ
2
1, σ

2
2, ρ) KX�Y Õá

�¿�^�´
ρ = 0

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.5¿

X �Y´Õá�Ù��´µ?é¢êa, b, c, dk

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

X �Y ´Õá�§Kg(X)�h(Y )�´Õá�.

eéÜ�Ýp(x, y) �©lCþ§=

p(x, y) = g(x)h(y)

KX�Y Õá"

e(X,Y ) Ñl����N(µ1, µ2, σ
2
1, σ

2
2, ρ) KX�Y Õá

�¿�^�´
ρ = 0

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.5¿

X �Y´Õá�Ù��´µ?é¢êa, b, c, dk

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

X �Y ´Õá�§Kg(X)�h(Y )�´Õá�.

eéÜ�Ýp(x, y) �©lCþ§=

p(x, y) = g(x)h(y)

KX�Y Õá"

e(X,Y ) Ñl����N(µ1, µ2, σ
2
1, σ

2
2, ρ) KX�Y Õá

�¿�^�´
ρ = 0

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.5¿

X �Y´Õá�Ù��´µ?é¢êa, b, c, dk

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

X �Y ´Õá�§Kg(X)�h(Y )�´Õá�.

eéÜ�Ýp(x, y) �©lCþ§=

p(x, y) = g(x)h(y)

KX�Y Õá"

e(X,Y ) Ñl����N(µ1, µ2, σ
2
1, σ

2
2, ρ) KX�Y Õá

�¿�^�´
ρ = 0

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

32.5¿

X �Y´Õá�Ù��´µ?é¢êa, b, c, dk

P (a < x < b, c < y < d) = P (a < x < b)P (c < y < d)

X �Y ´Õá�§Kg(X)�h(Y )�´Õá�.

eéÜ�Ýp(x, y) �©lCþ§=

p(x, y) = g(x)h(y)

KX�Y Õá"

e(X,Y ) Ñl����N(µ1, µ2, σ
2
1, σ

2
2, ρ) KX�Y Õá

�¿�^�´
ρ = 0

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

33.~

(X,Y ) �éÜ©Ù��:

¯X�Y ´ÄÕáº
):>S©Ù�©O�:

Ï�P (X = 0, Y = 0) = 0.3
P (X = 0)P (Y = 0) = 0.7× 0.5 = 0.35 ¤±ØÕá

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

34.~

®�(X, Y) �éÜ�Ý�

p(x, y) =

{
e−x−y, 0x > 0, y > 0
0, else

¯X �Y ´ÄÕáº
): >S©Ù�Ý©O�:

p(x) =

{ ∫ +∞
0 e−(x+y)dy = e−x, x > 0

0, x ≤ 0

p(y) =

{
e−y, y > 0
0, y ≤ 0

¤±X �Y Õá,5¿µp(x, y) �©lCþ.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

35.·K

(X,Y ) ∼ N(µ1, σ
2
1;µ2, σ

2
2; ρ) �pÕá⇐⇒ ρ = 0

y:é?Ûx, yk

1

2πσ1σ2

√
1− ρ2

e

− 1
2(1−ρ2)

[
(x−µ1)2

σ2
1

+
(y−µ2)2

σ2
2
−2ρ

(x−µ1)(y−µ2)
σ1σ2

]

=
1√

2πσ1

e
− (x−µ1)2

2σ2
1

1√
2πσ2

e
− (y−µ2)2

2σ2
2

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

35.·K(Y)

�x = µ1, y = µ2

1

2πσ1σ2

√
1− ρ2

=
1√

2πσ1

1√
2πσ2

�
ρ = 0

òρ = 0�\f(x, y) =�

f(x, y) = fX(x)fY (y)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

36.·K

�f(x, y)´ëY��r.v.(X,Y )�éÜd.f.r(x), g(y)��K�È
¼ê, �

f(x, y) = r(x)g(y) (a.e)

KX,Y�pÕá,�

fX(x) =
r(x)∫ +∞

−∞ r(x)dx
(a.e)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

36.·K(Y)

fY (y) =
g(y)∫ +∞

−∞ g(y)dy
(a.e)

éu©Ù¼ê�kaq(J:�F (x, y)´��ëYr.v.(X,Y )�é
Ü©Ù¼ê, K(X,Y )�pÕá�¿�^��

F (x, y) = R(x)G(y)

�

FX(x) =
R(x)

r(+∞)

FY (y) =
G(y)

G(+∞)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

37.·K

�X,Y ��pÕá�r.v.u(x), v(y) �ëY¼ê,
KU = u(X), V = v(Y ) ��pÕá.=

Õár.v.�ëY¼êEÕá.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

38.y²

Ø��(X,Y )´ëY.�Å�þ§

f(x, y) = fX(x)fY (y)

Ïd§FUV (u, v) = P (U ≤ u, V ≤ v)
= P (u(X) ≤ u, v(Y ) ≤ v)
=
∫ ∫

u(x)≤u,v(y)≤v fX(x)fY (y)dxdy

= P (u(X) ≤ u)P (v(Y ) ≤ v) = FU (u)FV (v)
XµeX,Y ��pÕá�r.v.,KaX + b, cY + d��pÕ
á¶X2, Y2 ��pÕá¶

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

39.~

®�(X,Y ) �éÜd.f.�

f2(x, y) =

{
8xy, 0 < x < y, 0 < y < 1
0, else

?ØX,Y ´ÄÕáº

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

40.)

dã�>�d.f. �

fX(x) =

{
4x(1− x2), 0 ≤ x ≤ 1
0, else

fY (y) =

{
4y3, 0 ≤ y ≤ 1
0, else

w,§
f2(x, y) 6= fX(x)fY (y)

�X,Y ØÕá
Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

1.lÑ.�ÅCþ¼ê�©Ù�

�r.v.X �©Ù��

P (X = xk) = pk, k = 1, 2, . . .

d®�¼êg(x)�¦Ñr.v.Y �¤k�U��§KY �VÇ©Ù
�

P (Y = yi) =
∑

k:g(xk)=yi

pk, i = 1, 2, . . .

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

2.~

®�X�VÇ©Ù�

¦Y = X2 �©Ù�
)µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

3.ëY5r.v.¼ê�©Ù

®�X�d.f . f(x) ½©Ù¼ê,¦Y = g(X) �d.f.

�{µ

• l©Ù¼êÑu

• ^úª��¦d.f.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

4.~

®�X�d.f .�fX(x), Y = aX+ b, a, b�~ê§�a 6= 0,¦fY (y)
):FY (y) = P (Y < y)

= P (aX + b < y)
�a > 0 �§

FY (y) = P

(
X ≤ 1

a
(y − b)

)

= FX

(
1

a
(y − b)

)
=⇒ fY (y) = 1

afX

(
1
a(y − b)

)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

4.~(Y)

�a < 0 �§

FY (y) = P

(
X >

1

a
(y − b)

)

= 1− FX
(

1

a
(y − b)

)
=⇒ fY (y) = − 1

afX

(
1
a(y − b)

)
�

fY (y) =
1

| a |
fX

(
1

a
(y − b)

)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5.~

®�X ∼ N(0, 1), Y = X2,¦fY (y)
):l©Ù¼êÑu,FY (y) = P (Y < y)

�y < 0 �§FY (y) = 0
�y > 0 �§

FY (y) = P (X2 < y)

= P (−√y < x <
√
y)

= FX(
√
y)− FX(−√y)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

5.~(Y)

l

FY (y) =

{
0, y ≤ 0
FX(
√
y)− FX(−√y), y > 0

�

fY (y) =

 0, y ≤ 0

1
2
√
y

(
fX(
√
y) + fX(−√y)

)
, y > 0

fY (y) =

{
0, y ≤ 0

1
2
√
πy1/2 e

− y
2 , y > 0

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

6.~

Y = cos(X),XÑl«m(0, 2π]�þ!©Ù
Y = cos(X)3«m−1 < y < 1þkü��¼ê, →
x0 = cos−1(y), x1 = 2π − x0

dy

dx
|x0 = − sin(x0) = − sin(cos−1(y)) = −

√
1− y2

dy

dx
|x1 = − sin(2π − x0) = sin(x0) =

√
1− y2

fX(x) =
1

2π

∴ fY (y) = 1
2π

1√
1−y2

+ 1
2π

1√
1−y2

= 1

π
√

1−y2
,e−1 < y < 1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

6.~(Y)

FY (y) =
∫ y
−∞ fY (y)dy

=
∫ −1
−∞ fY (y)dy +

∫ y
−1 fY (y)dy

= 0 +
∫ y
−1 fY (y)dy

=
∫ y
−1

1

π
√

1−y2
dy

=

[
1
π sin−1 y

]y
−1

= 1
2 + 1

π sin−1 y

FY (y) =


0, y < −1
1
2 + sin−1 y

π , −1 ≤ y ≤ 1
1, y > 1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

7.���ÅCþC�

¯K:®����ÅCþ(X,Y ) �©Ù§XÛ¦
ÑZ = g(X,Y )�©Ùº

�{:ò�Zk'�¯�=z¤X §Y�¯�"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

8.lÑ�ëY�/

• �(X,Y )�lÑr.v.�, Z�lÑ

Z = zk = g(xik , yjk)

P (Z = zk) =
∑

g(xik ,yjk )=zk

P (X = xik , Y = yjk) k = 1, 2, . . .

• �(X,Y )�ëYr.v.�§

FZ(z) = P (Z < z) = P (g(X,Y ) < z)

=

∫∫
Dz

f(x, y)dxdy

Ù¥Dz : {(x, y) | g(x, y) < z}

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

9.~

�X�Y Õá§�X,Y ��U/��0,Ú1.
¦Z = max(X,Y )�©Ù�.
):

Z = max(X,Y )����:0, 1
P (Z = 0) = P (X = 0, Y = 0) = P (X = 0)(Y = 0) = 1/4
P (Z = 1) = P (X = 0, Y = 1) + P (X = 1, Y = 0) + P (X =
1, Y = 1) = 3/4

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

10.4�©Ù

�X1, X2, . . . . . . Xn, ÕáÓ©Ù§Ù©Ù¼êÚ�Ý¼ê©O
�FX(x) ÚpX(x).

ePY = max(X1, X2, . . . . . . Xn), Z = min(X1, X2, . . . . . . Xn)

• KY �©Ù¼ê�:FY (y) = [FX(y)]n

• Y ��Ý¼ê�:pY (y) = n[FX(y)]n−1pX(y)

• Z �©Ù¼ê�:FZ(z) = 1− [1− FX(z)]n

• Z ��Ý¼ê�:pZ(z) = n[1− FX(z)]n−1pX(z)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

11.4�©Ùí�

�ëY�ÅCþX,Y �pÕá,
X ∼ FX(x), Y ∼ FY (y),M = max{X,Y }, N = min{X,Y },
¦M,N �©Ù¼ê.

FM (u) = P (max{X,Y } < u)

= P (X < u, Y < u)

= P (X < u)P (Y < u)

= FX(u)FY (u)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

11.4�©Ùí�(Y)

FN (ν) = P (min{X,Y } < ν)

= 1− P (min{X,Y } > ν)

= 1− P (X ≥ ν, Y ≥ ν)

= 1− P (X ≥ ν)P (Y ≥ ν)

= 1− [1− FX(ν)][1− FY (ν)].

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

12.Ú�©Ù

Z = X + Y , ¦FZ(z) ÚfZ(z)

FZ(z) = P [Z < z] = P [X + Y < z]

FZ(z) =

∫ ∞
−∞

∫ z−x′

−∞
fX,Y (x′, y′)dy′dx′

fZ(z) =
d

dz
FZ(z) =

∫ ∞
−∞

fX,Y (x′, z − x′)dx′

XJX ÚY �pÕ§K

→ fZ(z) =
∫∞
−∞ fX(x′)fY (z − x′)dx′

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

12.Ú�©Ù(Y)

�lÑ�ÅCþX �Y Õá§KZ = X + Y �©Ù��

P (Z = zl) =

∞∑
i=1

P (X = xi)P (Y = zl − xi)

=

∞∑
j=1

P (X = zl − yj)P (Y = yj)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

13.òÈúª�A^

�X�Y ´ÕáÓ©Ù�IO��Cþ§¦Z = X + Y�©
Ù.
)µ

pZ(z) =

∫ ∞
−∞

pX(x)pY (z − x)dx

=

∫ ∞
−∞

1√
2π
exp

{
−x

2

2

}
1√
2π
exp

{
−(z − x)2

2

}

= . . . · · · = 1√
2
√

2π
exp

{
− z2

2× 2

}
¤±

Z = X + Y ∼ N(0, 2).

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

14.Õá��Cþ��5|ÜE���Cþ

Xi ∼ N(µi, σ
2
i ), i = 1, 2, . . . , n. �Xi m�pÕá, ¢

êa1, a2, . . . , anØ��", K

n∑
i=1

aiXi ∼ N
( n∑
i=1

aiµi,

n∑
i=1

a2
iσ

2
i

)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

15. ~

�X �Y �pÕá, �X ∼ B(n, p), Y ∼ B(m, p)
K

X + Y ∼ B(n+m, p)

yZ = X + Y��U���:0, 1, 2, . . . , n+m

P (Z = k) =

k∑
i=0

P (X = i, Y = k − j)

=

k∑
i=0

P (X = i)P (Y = k − j)

=

k∑
i=0

Cinp
i(1− p)n−iCk−im pk−i(1− p)m−k+i

∑k
i=0 C

i
nC

k−i
m =Ckn+m
= Ckn+mp

k(1− p)n+m−k

k = 0, 1, 2, . . . . . . , n+m ¤±X + Y ∼ B(n+m, p)
Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

16. ¯Kn

®�(X,Y ) �©Ù§�Ä(X,Y ) �¼ê{
U = g1(X,Y )
V = g1(X,Y )

¦(U, V ) �©Ù.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

17. �Å�þC�úª

e

{
u = g1(x, y)
v = g1(x, y)

këY �!�3�¼ê

{
x = x(u, v)
y = y(u, v)

K(U, V ) �éÜ�Ý�

pUV (u, v) = pXY (x(u, v), y(u, v)) | J |

Ù¥J�C��ä�'1�ªµ

J =
∂(x, y)

∂(u, v)
=

(
∂(u, v)

∂(x, y)

)−1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

17. ���Å�þ��5C�µ

V = aX + bY
W = cX + dY

,

[
V
W

]
=

[
a b
c d

] [
X
Y

]
A =

[
a b
c d

]
, | ae− bc |6= 0[

x
y

]
= A−1

[
v
w

]

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

17. ���Å�þ��5C�(Y)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

17. ���Å�þ��5C�(Y)

fX,Y (x, y)dxdy
∼
= fV,W (v, w)dP

dP : ²1o>/�¡È

fV,W (v, w) =
fX,Y (x, y)

| dP
dxdy |

, | dP

dxdy
|= | ae− bc | dxdy

dxdy
=| ae−bc |=| A |

���/µZ = AX

fZ(z) =
fX(A−1z)

| A |

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

18.~

X,Y : �pÕá�IO��©§½Âµ

V = (X2 + Y 2)1/2

W = arctan(X/Y )

¦µ(V,W )�éÜ©Ù�Ý)µx = v cosw, y = v sinw

J(v, w) = | cosw −v sinw
sinw v cosw

|= v

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

18.~(Y)

fV,W (v, w) = fX,Y (x(v, w), y(v, w))| J(v, w) |

=
v

2π
e−(v2 cos2 w+v2 sin2 w)/2

=
1

2π
ve−v

2/2 v ≥ 0, 0 ≤ w ≤ 2π

fV (v) = ve−v
2/2 v ≥ 0 =⇒

V:Rayleigh �ÅCþ
W:(0, 2π)þ�þ!©Ù

Ü # ) VÇØÄ:
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19.OÖCþ{

e�¦U = g1(X,Y ) ��ÝpU (u)§�OÖ��C
þV = g2(X,Y )§k^CþC�{¦Ñ(U, V )�éÜ�
ÝpUV (u, v)§,�2déÜ�ÝpUV (u, v)§�¦Ñ>S�
ÝpU (u)

^d�{�±¦ÑòÈúª!È�úª!û�úª

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþ9Ù©Ù �Å�þ!�ÅCþ�Õá5 �ÅCþ��Å�þ¼ê�©Ù

20.û�©Ù

®�(X,Y )�éÜd.f.f(x, y)§-Z = X/Y ,¦fZ(z){
Z = X/Y
V = Y

⇒
{
X = ZV
Y = V

⇒| J |=| v |

fZV (z, v) = f(zv, v) | v |

fZ(z) =

∫ +∞

−∞
fZV (z, v)dv =

∫ +∞

−∞
f(zu, v) | v | dv

Ü # ) VÇØÄ:
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1 1"Ù �µ�Ä��¦

2 1�Ù ¯��VÇ

3 1�Ù ^�VÇ�ÚOÕá

4 1nÙ �ÅCþ�©Ù¼ê

5 1oÙ êiA��A�¼ê

6 1ÊÙ 4�½n

Ü # ) VÇØÄ:
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1.êiA��Ú\�µ

£1¤¢S¯K�I�

£2¤�����©Ùk(J

£3¤êiA�l,
ý¡�N©Ù¼ê

Ü # ) VÇØÄ:
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2.êÆÏ"�½Â

AlÑ.�ÅCþ
�lÑ�ÅCþX�©Ù��

P (X = xn) = pn, n = 1, 2, . . .

e?ê
∑∞

i=1 xipiýéÂñ§K¡T?ê�X�êÆÏ"§P�

E(X) =

∞∑
i=1

xipi

Ü # ) VÇØÄ:
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3.~1

X ∼ B(n, p), ¦E(X) .
):

E(X) =

n∑
k=0

kCknp
k(1− p)n−k

= np

n∑
k=1

(n− 1)!

(k − 1)!(n− k)!
pk−1(1− p)(n−1)−(k−1)

= np

n−1∑
k=0

Ckn−1p
k(1− p)(n−1)−k = np

A~ eY ∼ B(1, p), KE(Y ) = p
~2 Poisson©Ù EX = λ

Ü # ) VÇØÄ:
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4.êÆÏ"�½Â

B.ëY5�ÅCþ
�ëY�ÅCþX��Ý¼ê�p(x),eÈ©

∫∞
−∞ xp(x)dxýéÂ

ñ§K¡TÈ©�X�êÆÏ"§P�

E(X) =

∫ ∞
−∞

xp(x)dx

Ü # ) VÇØÄ:
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5.~

X ∼ N(µ, σ2), ¦E(X) .
):

E(X) =

∫ +∞

−∞
x

1√
2πσ

e−
(x−µ)2

2σ2 dx

x−µ
σ

=u
=

∫ +∞

−∞
(uσ + µ)

1√
2π
e−

u2

2 du = µ

~4 Γ-©Ù

Ü # ) VÇØÄ:
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6.~

• 5¿:Ø´¤k�r.v.ÑkêÆÏ"
~Xµ�Ü(Cauchy)©Ù��Ý¼ê�

f(x) =
1

π(1 + π2)
, −∞ < x < +∞

� ∫ +∞

−∞
| x | f(x)dx =

∫ +∞

−∞

| x |
π(1 + π2)

dx

uÑ
§�êÆÏ"Ø�3!
C. ���/µRiemanm− Stieltjes È©

Ü # ) VÇØÄ:
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7.�ÅCþ¼ê�êÆÏ"

½n:�Y = g(X) ´�ÅCþX�¼ê§eE(g(X)) �3§K

E(g(X)) =

{ ∑∞
i=1 g(xi)P (X = xi)∫∞
−∞ g(x)p(x)dx

Ü # ) VÇØÄ:
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7.~

�X ∼ N(0, 1), Y ∼ N(0, 1), X, Y �pÕá§
¦E(max(X,Y )) .

Ü # ) VÇØÄ:
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7.~(Y)

=

∫∫
D1

y
1

2π
e−

x2+y2

2 dxdy +

∫∫
D2

x
1

2π
e−

x2+y2

2 dxdy

=
1

2π

∫ +∞

−∞
e−

x2

2 dx

∫ +∞

x
ye−

y2

2 dy+
1

2π

∫ +∞

−∞
e−

y2

2 dy

∫ +∞

y
xe−

x2

2 dx

=
1

π

∫ +∞

−∞
e−

x2

2 dx

∫ +∞

x
ye−

y2

2 dy =
1

π

∫ +∞

−∞
e−

x2

2 dx =
1√
π

(

∫ +∞

−∞
e−x

2
dx)2 =

∫ +∞

−∞

∫ +∞

−∞
e−(x2+y2)dxdy

= 4

∫ +∞

0

∫ +∞

0
e−(x2+y2)dxdy

Ü # ) VÇØÄ:
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7.~(Y)

= 4

∫ +∞

0

∫ +∞

0
e−(x2+y2)dxdy = 4

∫ π
2

0
dθ

∫ +∞

0
e−r

2
rdr

= 4× π

2
× 1

2
= π

¤± ∫ +∞

−∞
e−x

2
dx =

√
π

��/§eX ∼ N(µ, σ2), Y ∼ N(µ, σ2), X, Y�pÕá§K

E(max{X,Y }) = µ+
σ√
π

E(min{X,Y }) = µ− σ√
π

Ü # ) VÇØÄ:
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8.êÆÏ"�5�

1. E(C) = C ~ê

2. E(aX) = aE(X)

3. E(X + Y ) = E(X) + E(Y )

E

(∑n
i=1 aiXi + C

)
=
∑n

i=1 aiE(Xi) + C

4. �X,Y Õá�§E(XY ) = E(X)E(Y ) .

5. e�3êa¦P (X ≥ a) = 1, KE(X) ≥ a ¶
e�3êb ¦P (X ≤ b) = 1, KE(X) ≤ b.

Ü # ) VÇØÄ:
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9.y²

5µ5�4 �_·KØ¤á§=eE(XY ) = E(X)E(Y )X,Y
Ø�½Õá
y( 5�5)
�X ëY§d.f.�f(x), ©Ù¼ê�F (x), K

P (X ≥ a) = 1− P (X < a)

⇒ 1− F (a) = 1 ⇒ F (a) = 0

⇒ F (x) = 0, x ≤ a

⇒ f(x) = 0, x ≤ a

�E(X) =
∫ +∞
a xf(x)dx ≥

∫ +∞
a af(x)dx = a

Ü # ) VÇØÄ:
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10.~

ò4 �ØÓÚ�¥�Å�\4 �Ýf¥, zÝNB¥êÃ�, ¦
�Ýfê�êÆÏ".
)� : �X ��Ýfê, KX �VÇ©Ù�

E(X) =
81

64

Ü # ) VÇØÄ:
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11.êÆÏ"�A^Þ~

©Ù�¯K:

`¯üÙäÙE�Ó§�ÑÙ550�.Ã²Û§XkI3Û§K
¼�ÜÙ5.�`I2Û!¯I1Û�§¥�
ÙÆ. ¯XÛ©Ù
�?

1. U®ÙÛê©µ

K`©oÙ��2/3!¯©oÙ��1/3

Ü # ) VÇØÄ:
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11.êÆÏ"�A^Þ~

2. U®ÙÛêÚ2Ùe��/Ï"0©:
Ï�2ÙüÛ7©�K§�o«�¹µ``!`¯!¯`!¯
¯¤±`©oÙ��3/4!¯©oÙ��1/4
eU®ÙÛêÚ2Ùe��/Ï"0©§K`�¤�X´��
�U���0 ½100��ÅCþ§Ù©Ù��µ

`�/Ï"0¤�´µ0× 1/4 + 100× 3/4 = 75.

Ü # ) VÇØÄ:
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11.êÆÏ"�A^Þ~(Y)

VÇ+Á))�É�Y�ÀJ
�Ê�,«;¾, n �<I�É. �É�YkXeü«µ

(1). ©Oz�z�<�É, �Iz�n g¶

(2). ©|z�,k �<�É·3�åz�, e(J�Ò5, K�I
z��g; e��5, Kék �<�ÉÅ�z�, éÑk¾ö, d
�k �<�ÉIz�k + 1 g.

�z<É�z�¥�5�VÇ�p, �z<z�(J´�pÕá
�.Á`²ÀJ=��Y�²L.

Ü # ) VÇØÄ:
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11.êÆÏ"�A^Þ~(Y)

):�LO��Y£2¤¤Igê�Ï"§�{üå�§Ø�
Pn´k��ê§�©¤n/k|.�1i|Iz��gê�Xi, K

E(Xi) = (1− P )k + (k + 1)[1− (1− p)k]

= (k + 1)− k(1− p)k

Ü # ) VÇØÄ:
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11.êÆÏ"�A^Þ~(Y)

E(X) =

n/k∑
i=1

E(Xi) =
n

k
[(k + 1)− k(1− p)k]

= n

[
1−

(
(1− p)k − 1

k

)]
e

(
(1− p)k − 1

k

)
> 0,KE(X) < n

~X,n = 1000, p = 0.001, k = 10,

E(X) = 1000

[
1−

(
0.99910− 1

10

)]
≈ 110 << 1000.

�(1− p)k < 1/k�, ÀJ�Y(2) �²L.

Ü # ) VÇØÄ:
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11.êÆÏ"�A^Þ~(Y)

½|þé,«�¬zcI¦þ�X ë§X ∼ U [2000, 4000], z
ÑÈ�ë�?3��,ÈØÑ�§KzëIó¥�+¤1 ��§¯
AT)�ù¥û¬õ�ë, âU¦²þ|d��º
):

fX(x) =

{
1

2000 , 2000 < x < 4000
0, else

�zc)�y ë�|d�Y ,w,§2000 < y < 4000

Y = g(X) =

{
3y, y ≤ X
3X − (y −X), y > X

g(x) =

{
3y, y ≤ x
4x− y, y > x

Ü # ) VÇØÄ:
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11.êÆÏ"�A^Þ~(Y)

E(Y ) =

∫ +∞

−∞
g(x)fX(x)dx

=

∫ y

2000
(4x− y)

1

2000
dx+

∫ 4000

y
4y

1

2000
dx

=
1

2000
(−2y2 + 14000y − 8× 106)

dE(Y )

dy
=

1

2000
(−4y + 14000) = 0

w,§d2E(Y )
dy2 = − 4

2000 < 0

�y = 3500�, E(Y )��, E(Y ) = 8250��

Ü # ) VÇØÄ:
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1.��½Â

eE(X − E(X))2�3§K¡E(X − E(X))2�X ���§P�

V ar(X) = D(X) = E(X − E(X))2

¡σX = σ(X) =
√
V ar(X)�X �IO�.

IO��þj��ÅCþ�þj�Ó"

VÇ¿Âµ

êÆÏ"�N
X ���¥%.

���N
X ���éuÙ��¥%�lÑ§Ý.

Ü # ) VÇØÄ:
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2.�'ÈÅØ�ª

��ÅCþX����3(ù�þ���3), Ké?¿�êε§
ke¡Ø�ª¤á

P{| X − E(X) |≥ ε} ≤ V ar(X)

ε2

P{| X − E(X) |< ε} ≥ 1− V ar(X)

ε2

Ü # ) VÇØÄ:
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3.���O�

·Kµ

V ar(X) = 0 ⇐⇒ P (X = E(X)) = 1

eX �lÑ.�ÅCþ§©Ù��

P (X = k) = pk, k = 1, 2. . . .

D(X) =

+∞∑
k

(xk − E(X))2pk

eX �ëY.�ÅCþ§VÇ�Ý�f(x)

D(X) =

∫ +∞

−∞
(x− E(X))2f(x)dx

O����~^úªµ

D(X) = E(X2)− E2(X)

Ü # ) VÇØÄ:
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4.~

�X ∼ P (λ), ¦D(X).
):

E(X) =

+∞∑
k=0

k
λke−λ

k!
= λe−λ

+∞∑
k=1

λk−1

(k − 1)!
= λ

E(X2) = λ2 + λD(X) = E(X2)− E2(X) = λ

Ü # ) VÇØÄ:
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4.~

�X ∼ B(n, p)§¦D(X).

)µD(X) = np(1− p)
�X N(µ, σ2), ¦D(X)

):

D(X) =

∫ +∞

−∞
(x− µ)2 1√

2πσ
e−

(x−µ)2

2σ2 dx

x−µ
σ

=t
=

∫ +∞

−∞
σ2t2

1√
2π
e−

t2

2 dt

= σ2

Ü # ) VÇØÄ:
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4.~

�XL«Õá�Â��Â¥8I��¤I�Â�gê, ®�zg
�Â¥q�VÇ�p , ¦E(X), D(X)
): XÑlAÛ©Ù.

P (X = k) = pqk−1, k = 1, 2, . . .

p+ q = 1 0 < p < 1

E(X) =
+∞∑
k=1

kpqk−1 = p

+∞∑
k=1

kqk−1 =
p

(1− q)2
=

1

p

Ü # ) VÇØÄ:
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4.~

E(X2) =

+∞∑
k=1

k(k − 1)pqk−1 +

+∞∑
k=1

kpqk−1

= pq

+∞∑
k=2

k(k − 1)qk−2 +
1

q

= pq
d2

dx2

(+∞∑
k=0

xk
)
|x=q +

1

p

= pq
2

(1− x)3
|x=q +

1

p
=

2− p
p2

D(X) =
2− p
p2
− 1

p2
=

1− p
p2

Ü # ) VÇØÄ:
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5.���5�

D(aX + b) = a2D(X)

eX,Y�pÕá§K

D(X ± Y ) = D(X)±D(Y )

X1, . . . , Xn�pÕá,a1, a2, . . . , an, b�~ê

D

( n∑
i=1

aiXi + b

)
=

n∑
i=1

a2
iD(Xi)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

5.���5�

D(aX + b) = a2D(X)

eX,Y�pÕá§K

D(X ± Y ) = D(X)±D(Y )

X1, . . . , Xn�pÕá,a1, a2, . . . , an, b�~ê

D

( n∑
i=1

aiXi + b

)
=

n∑
i=1

a2
iD(Xi)

Ü # ) VÇØÄ:
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5.���5�

D(aX + b) = a2D(X)

eX,Y�pÕá§K

D(X ± Y ) = D(X)±D(Y )

X1, . . . , Xn�pÕá,a1, a2, . . . , an, b�~ê

D

( n∑
i=1

aiXi + b

)
=

n∑
i=1

a2
iD(Xi)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

5.���5�

D(aX + b) = a2D(X)

eX,Y�pÕá§K

D(X ± Y ) = D(X)±D(Y )

X1, . . . , Xn�pÕá,a1, a2, . . . , an, b�~ê

D

( n∑
i=1

aiXi + b

)
=

n∑
i=1

a2
iD(Xi)

Ü # ) VÇØÄ:
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5.���5�

eX,Y �pÕá⇒ E(XY ) = E(X)E(Y )
6⇐⇒ D(X ± Y ) = D(X)±D(Y )

é?¿~êC,D(X) ≤ E(X − C)2, ��=�C = E(X)�
�Ò¤á.

Ü # ) VÇØÄ:
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5.���5�

eX,Y �pÕá⇒ E(XY ) = E(X)E(Y )
6⇐⇒ D(X ± Y ) = D(X)±D(Y )

é?¿~êC,D(X) ≤ E(X − C)2, ��=�C = E(X)�
�Ò¤á.

Ü # ) VÇØÄ:
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5.���5�

eX,Y �pÕá⇒ E(XY ) = E(X)E(Y )
6⇐⇒ D(X ± Y ) = D(X)±D(Y )

é?¿~êC,D(X) ≤ E(X − C)2, ��=�C = E(X)�
�Ò¤á.

Ü # ) VÇØÄ:
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6.IOz�ÅCþ

��ÅCþX�Ï"E(X)!��D(X) Ñ�3, �D(X) 6= 0,
K¡

X∗ =
X − E(X)√

D(X)

�X�IOz�ÅCþ. w,§

E(X∗) = 0, D(X∗) = 1

Ü # ) VÇØÄ:
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7.�ÅCþ�Ù§êiA�

Ý!CÉXê!© ê!¥ ê

k��:Ýµµk = E(Xk) k = 1, 2, . . . .

• 5¿: µ1 = E(X).

k �¥%Ýµvk = E[X − E(X)]k, k = 1, 2, . . . .

• 5¿: v2 = V ar(X)

k ��:Ý�k �¥%Ý�'X

Ü # ) VÇØÄ:
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7.�ÅCþ�Ù§êiA�

CÉXê

¡CV =

√
V ar(X)

E(X) �X �CÉXê.

© ê
�0 < p < 1§xp = F−1(p),

F−1(p) = inf{x : F (x) ≥ p}

K¡xp �d©Ùp−© ê§½¡xp �eýp−© ê.
¥ ê
¡p = 0.5��p© êx�¥ ê.
¥ ê�þ�
• �Ó:µÑ´�N�ÅCþ� �A�.
• ØÓ:µ¹ÂØÓ§¥ ê�þ�½"

Ü # ) VÇØÄ:
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8.�����'Xê

¡
Cov(X,Y ) = E[X − E(X)][Y − E(Y )]

�X �Y����.
¡ (

D(X) cov(X,Y )
cov(X,Y ) D(Y )

)
�X,Y����Ý


Ü # ) VÇØÄ:
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8.�����'Xê

¡

rXY =
Cov(X,Y )√

V ar(X)
√
V ar(Y )

�X �Y ��'Xê.
eP

X∗ =
X − E(X)√

D(X)
, Y ∗ =

Y − E(Y )√
D(Y )

K
rXY = cov(X∗, Y ∗)

Ü # ) VÇØÄ:
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9.���Ú�'Xê�O�

cov(X,Y ) = E(XY )− E(X)E(Y )

e(X,Y ) �lÑ.§

cov(X,Y ) =

+∞∑
i=1

+∞∑
j=1

[xi − E(X)][yj − E(Y )]pij

e( X ,Y ) �ëY.§

cov(X,Y ) =

∫ +∞

−∞

∫ +∞

−∞
[x− E(X)][y − E(Y )]f(x, y)dxdy

Ü # ) VÇØÄ:
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10.~

�(X,Y ) ∼ N(µ1, σ
2
1;µ2, σ

2
2; ρ), ¦ρXY

)

cov(X,Y ) =

∫ +∞

−∞

∫ +∞

−∞
[x− µ1][y − µ2]f(x, y)dxdy

=
σ1σ2

2π
√

1− ρ2

∫ +∞

−∞

∫ +∞

−∞
ste
− 1

2(1−ρ2)
(s−ρt)2− 1

2
t2
dsdt

=
σ1σ2

2π
√

1− ρ2

∫ +∞

−∞

∫ +∞

−∞
t(ρt+ u)e

− u2

2(1−ρ2)
− 1

2
t2
dudt

Ü # ) VÇØÄ:
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10.~

=
σ1σ2ρ

2π
√

1− ρ2

∫ +∞

−∞
e
− u2

2(1−ρ2)du

∫ +∞

−∞
t2e−

1
2
t2dt

= σ1σ2ρ

rXY = ρ

e(X,Y ) ∼ N(µ1, σ
2
1;µ2, σ

2
2; ρ)

KX,Y�pÕá⇐⇒ X ,Y Ø�'

Ü # ) VÇØÄ:
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11.���Ú�'Xê�5�

����5�

cov(X,Y ) = cov(Y,X)

= E(XY )− E(X)E(Y )

cov(X,X) = D(X)

cov

( n∑
i=1

aiXi,

n∑
j=1

bjYj

)
=

n∑
i=1

aibjcov(Xi, Yj)

Ü # ) VÇØÄ:
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11.���Ú�'Xê�5�

D

( n∑
i=1

Xi

)
=

n∑
i=1

D(Xi) + 2

n∑
1≤i<j≤n

cov(Xi, Yj)

eX1, X2, . . . , Xn�pÕá§

D

( n∑
i=1

Xi

)
=

n∑
i=1

D(Xi)

Ü # ) VÇØÄ:
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12.~

�XL«Õá�Â��Â¥8Ing��¤I�Â�gê, ®�
zg�Â¥q�VÇ�p, ¦E(X), D(X).
):-XiL«Â¥8Ii− 1g��1i gÂ¥8I¤I�Â�g
ê§i = 1, 2, . . . , n X1, X2, . . . , Xn �pÕá§�X =

∑n
i=1Xi

dc¡�~�µ

E(X) =

n∑
i=1

E(Xi) =
n

p
D(X) =

n∑
i=1

D(Xi) =
n(1− p)

p2

Ü # ) VÇØÄ:
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13.~

ò?Ò©O�1 ∼ n�n �¥�Å/�\?Ò©O�1 ∼ n�n�
Ýf¥, zÝ�¥. e¥�Òè�Ýf�Òè��§K¡���
�é. ¦�é�êX �Ï"���.
):PXi�1§XJiÒ�\iÒÝ,ÄK�0. i = 1, 2, . . . , nK

X =

n∑
i=1

Xi

�X1, X2, . . . , XnØ�pÕá§

E(X) =

n∑
i=1

E(Xi) = n
1

n
= 1

E(X2
i ) =

1

n
i = 1, 2, . . . , n

E(XiXj) =
1

n(n− 1)
i, j = 1, 2, . . . , n

Ü # ) VÇØÄ:
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13.~(Y)

D(X) =

n∑
i=1

D(Xi) + 2

n∑
1≤i<j≤n

cov(Xi, Yj)

=

n∑
i=1

1

n
(1− 1

n
) + 2

n∑
1≤i<j≤n

[
1

n(n− 1)
− (

1

n
)2]

= 1− 1

n
+ 2C2

n

1

n2(n− 1)

= 1

Ü # ) VÇØÄ:
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14.Cauchy-SchwarzØ�ª

| cov(X,Y ) |2≤ D(X)D(Y )

�D(X) > 0, D(Y ) > 0 �§��=
�P{Y − E(Y ) = t0[X − E(X)]} = 1�, �ª¤á"
yµØ��D(X) > 0§-

g(t) = E{[Y − E(Y )]− t[X − E(X)]}2

= D(Y )− 2tcov(X,Y ) + t2D(X)

é?Û¢êt,g(t) ≥ 0 ⇒

4cov2(X,Y )− 4D(X)D(Y ) ≤ 0

=| cov(X,Y ) |2≤ D(X)D(Y )�Ò¤á⇐⇒ g(t) = 0kü��
��¢":

Ü # ) VÇØÄ:
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14.Cauchy-SchwarzØ�ª

g(t0) = 0=E{[Y − E(Y )]− t0[X − E(X)]}2 = 0

⇐⇒ D[(Y − E(Y ))− t0(X − E(X))] = 0

⇐⇒ P [(Y − E(Y ))− t0(X − E(X)) = 0] = 1

=P [(Y − E(Y )) = t0(X − E(X))] = 1
=Y �Xk�5'X�VÇ�u1, ù«�5'X�

P

(
Y − E(Y )√

D(Y )
= ±X − E(X)√

D(X)

)
= 1

Ü # ) VÇØÄ:
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15.�'Xê�5�

| rXY |≤ 1 ,| rXY |= 1 ⇐⇒ Cauchy − SchwarzØ�ª��Ò
¤á
⇐⇒ =Y �Xk�5'X�VÇ�u1§ù«�5'X�

P

(
Y ∗ = ±X∗

)
= 1

X∗ = (X − EX)/
√
D(X), Y ∗ = (Y − EY )/

√
D(Y ).

Ü # ) VÇØÄ:
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15.�'Xê�5�

rXY = 1 ⇐⇒ cov(X,Y ) > 0

p

(
Y ∗ = X∗

)
= 1

rXY = −1 ⇐⇒ cov(X,Y ) < 0

p

(
Y ∗ = −X∗

)
= 1

rXY����N
X�Y�m��5'X
• 0 < rXY < 1, X �Y m��'.
• 0 > rXY > −1, X �Y mK�'.
• 0 > rXY = ±1, X �Y m±VÇ1�3�5'X.
• rXY = 0, X �Y mØ�',vk�5'X

Ü # ) VÇØÄ:
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16.~

�θ ∼ U(0, 2π),X = cos θ,Y = cos(θ + α), α´�½�~ê§
¦rXY
):

fθ(t) =

{
1

2π 0 < t < 2π
0 else

E(X) =

∫ 2π

0
cos t

1

2π
dt = 0

E(Y ) =

∫ 2π

0
cos(t+ α)

1

2π
dt = 0

Ü # ) VÇØÄ:
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16.~

E(XY ) =

∫
0

2π cos(t) cos(t+ α)
1

2π
dt =

1

2
cosα

⇐⇒ cov(X,Y ) =
1

2
cosα

E(X2) =

∫
0

2π cos2 t
1

2π
dt =

1

2
, D(X) =

1

2

E(Y 2) =

∫
0

2π cos2(t+ α)
1

2π
dt =

1

2
, D(Y ) =

1

2

⇐⇒ rXY = cosα

Ü # ) VÇØÄ:
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16.~

eα = 0,rXY = 1 ⇒ Y = X
eα = π,rXY = −1 ⇒ Y = −X
lk

| rXY |= 1⇒

X,Yk�5'X
eα = π

2 ,
3π
2 ,rXY = 0 X,YØ�'§�X,YØÕá§

X,Yvk�5'X§�k¼ê'X

X2 + Y 2 = 1

Ü # ) VÇØÄ:
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17.Õá��'

rXY = 0 ⇐⇒ X,Y Ø�'

⇐⇒ cov(X,Y ) = 0

⇐⇒ E(XY ) = E(X)E(Y )

⇐⇒ D(X ± Y ) = D(X)±D(Y )

X,Y �pÕá
6⇐⇒ X,Y Ø�'

e(X,Y )Ñl����©Ù§

X,Y �pÕá ⇐⇒ X,Y Ø�'

Ü # ) VÇØÄ:
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1.½Â1

�ÅCþY'u�½¯�A�^�êÆÏ"µ

E[Y |A] = EyyP (Y = y | A)

Ü # ) VÇØÄ:
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2.~

�þ!M14g§YL«Ñ�¡�gê§A = {Y ≤ 2}.
)µ

p{Y = y} =

(
4

y

)
2−4 =

(
4

y

)
/16 (0 ≤ y ≤ 4)

⇒ P{Y ≤ 2} = (1 + 4 + 6)/16 = 11/16

⇒ P{Y = y | Y ≤ 2} =

(
4

y

)
/11 (0 ≤ y ≤ 2)

E(Y | Y ≤ 2) =

2∑
y=0

y

(
4

y

)
/11 = 16/11

Ü # ) VÇØÄ:
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3.5�

£i¤E[X + Y | A] = E[X | A] + E[Y | A]
£ii¤A1, A2, . . .´���m���©�§K

EY =
∑
k

E[X | Ak]P (Ak)

y²µ
E(Y ) =

∑
y

yP{Y = y}

=
∑
y

(∑
k

P{Y = y | Ak}P{Ak}
)

=
∑
k

(∑
y

yP{Y = y | Ak}
)
P{Ak} =

∑
k

E(Y | Ak)P{Ak}

Ü # ) VÇØÄ:
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4.½Â2

�ÅCþY'u�½¯�X = x�^�êÆÏ"
£i¤(X,Y )´lÑ.�ÅCþ

E[Y | X = x] =
∑
y

yP (Y = y | X = x)

£ii¤(X,Y )´ëY.�ÅCþ

E[Y | X = x] =

∫
yfy|x(y | x)dy

Ü # ) VÇØÄ:
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5.½Â3

�ÅCþY'u�½�ÅCþX�^�êÆÏ"

E[Y | X] = g(X)

Ù¥g(x) = E[Y | X = x]
�Ï"úªµ

EY = E{E[Y | X]}

EX = E{E[X | Y ]}

Ü # ) VÇØÄ:
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6.y²(1)

=�ÄlÑ.��/§ëY.��/�aqy²

E[E(Y | X)] = E[g(X)]

=
∑
x

g(x)P{X = x}

=
∑
x

E(Y | X = x)P{X = x}

=
∑
x

[∑
y

yP{Y = y | X = x}
]
P{X = x}

=
∑
x

∑
y

yP{Y = y,X = x}

=
∑
y

y
∑
x

P{Y = y,X = x}

=
∑
y

yP{Y = y} = E(Y )

Ü # ) VÇØÄ:
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6.y²(2)

E[E[X | Y ]] =

∫ ∞
−∞

E[X | Y = y]fY (y)dy

=

∫ ∞
−∞

∫ ∞
−∞

xfX|Y (x, y)dxfY (y)dy

=

∫ ∞
−∞

∫ ∞
−∞

x
f(x, y)

fY (y)
fY (y)dxdy

=

∫ ∞
−∞

∫ ∞
−∞

xf(x, y)dxdy

=

∫ ∞
−∞

x

∫ ∞
−∞

f(x, y)dydx

=

∫ ∞
−∞

xfX(x)dx

= E[X].

Ü # ) VÇØÄ:
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7.�ÅCþ©Ù�C�

•VÇ1¼ê£Probability Generating Function ¤

•Ý1¼ê£Moment Generating Function ¤

•A�¼ê£Characteristic Function¤

�^µ

4 �òòÈ$�z¤¦{$�¶
4 �ò¦��Ý�È©$�z¤�©$�¶
4 �ò¦�ÅCþS��4�©Ùz¤���¼ê4�¯K¶

Ü # ) VÇØÄ:
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8.VÇ1¼ê

(Probability Generating Function)
½Âµ�X´����ê��lÑ.�ÅCþ§Ù©Ù�
�µpk = P (ξ = k)§½Âµ

GX(s) =

∞∑
k=0

= E(sX) 0 ≤ s ≤ 1

¡GX(s)�X�VÇ1¼ê

Ü # ) VÇØÄ:
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9.VÇ1¼ê�©Ù���éA

£1¤ ©Ù���û½VÇ1¼ê

£2¤ VÇ1¼ê��û½©Ù�

GX(s) = GY (s) for all s

P (X = k) = P (Y = k) for k = 0, 1, . . .

Ü # ) VÇØÄ:
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10.�
�©Ù�VÇ1¼ê

Poisson©Ùpk = λke−λ

k! ,k = 0, 1, 2, . . .

φ(s) = E(sξ) =

∞∑
k=0

sk =
λke−λ

k!

=

∞∑
k=0

(sλ)ke−λ−λs+λs

k!

= eλs−λ
∞∑
k=0

(λs)ke−λs

k!

= eλ(s−1)

Ü # ) VÇØÄ:
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10.�
�©Ù�VÇ1¼ê

AÛ©Ù

pk = p(1− p)k, k = 0, . . .

φ(s) = E(sφ) =

∞∑
k=0

sk(1− p)kp

=

∞∑
k=0

p[s(1− p)]k

=
p

1− s(1− p)

Ü # ) VÇØÄ:
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11.VÇ1¼ê��ÅCþ�Ý

G
(r)
X (1) = E[X(X − 1) . . . (X − r + 1)]

G′X(1) = E(X) V ar(X) = G
(2)
X (1)− [G

(1)
X (1)]2 +G

(1)
X (1)

y²:

GrX(s) =
dr

dsr
[GX(s)]

=
dr

dsr

[∑
k

pks
k

]
=
∑
k

pkk(k − 1) . . . (k − r + 1)sk−r

Ü # ) VÇØÄ:
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12.·K

�X,Y´�pÕá��ÅCþ§K

GX+Y (s) = GX(s)GY (s)

y²:
GZ(s) = E(sZ) = E(SX+Y )

= E(sX)E(sY ) (independence)

= GX(s)GY (s)

Xµ
GX1+X2+···+Xn(s) = GX1(s) . . . GXn(s)

Ù¥X1, . . . , Xn´�pÕá��ÅCþ

Ü # ) VÇØÄ:
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13.�ÅCþ��ÅÚ

�N , X1, . . . , Xn . . .´�pÕá����K�ê���ÅCþ
S�§�X1, . . . , Xnk�Ó�©Ù§-µ

SN = X1 + · · ·+XN

KµGSN = GN (GX(s))

E(SN ) = E(N)E(X) V ar(SN ) = E(N)V ar(X)+V ar(N)[E(X)]2

Ü # ) VÇØÄ:
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14.y²

y²µ
GSN (s) = E(sSN )

=

∞∑
n=0

E(sSN | N = n)P (N = n)

=

∞∑
n=0

E(sSnP (N = n)

=

∞∑
n=0

GX1+···+Xn(s)P (N = n)

=

∞∑
n=0

[GX(s)]nP (N = n)

= GN (GX(s))

Ü # ) VÇØÄ:
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14.y²

E(SN ) = E(N)E(X)

d

ds
[GSN (s)] =

d

ds
[GN (GX(s))]

=
dGN (u)

du

du

ds
whereu = GX(s)

E(SN ) = [G
(1)
N (1)][G

(1)
X (1)] = E(N)E(X)

u = GX(1) = 1

Ü # ) VÇØÄ:
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15.~

£Possion/¤��1/�N�/�§N´ëê�λ�Poisson©
Ù§z�/�±VÇ�p�ÈzÑ���/§�ØÓ/�ÈÑ�
/´�pÕá�"¦ÈzÑ�/ê�©Ù

-:Z = X1 + · · ·+XN K

GN (s) = eλ(s−1), GX(s) = q + ps

GZ(z) = GN (GX(s)) = Eλp(s−1)

¤±Z ∼ Poisson(λ)

Ü # ) VÇØÄ:
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16.Poisson©Ù�2)5.

Xi ∼ Poisson(λi)�pÕá§K

n∑
i=1

Xi ∼ Poisson(

n∑
i=1

λi)

GXi(s) = eλi(s−1)

GX1+X2+···+Xn(s) =

n∏
i=1

eλi(s−1)

= e(λ1+λ2+···+λn)(s−1)

Ü # ) VÇØÄ:
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17.Ý1¼ê.

£Moment Generating Functions¤
½Â:

Ý1¼ê�©Ùm���éA

��5½nµXJ§MX(θ) = MY (θ) <∞3θ�,�«mþ¤
á§K�ÅCþX�YÓ©Ù"

Ü # ) VÇØÄ:
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18.Ý1¼ê��ÅCþX���Ý

X�Ý1¼ê�±C/�µ

MX(θ) = E(eθX)

= E

( ∞∑
r=0

(θX)r

r!

)

=

∞∑
r=0

θr

r!
E(Xr)

u´µMX(θ) =
∑∞

r=0 µ
′
r
θr

r! µ′r = E(Xr)

Ü # ) VÇØÄ:
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18.Ý1¼ê��ÅCþX���Ý

,��¡µ
dr

dθr
{MX(θ)} =

dr

dθr
{E(eθX)}

= E

{
dr

dθr
(eθX)

}
= E(XreθX)

u´µ

[
dr

dθr {MX(θ)}
]
θ=0

= E(Xr) = µ′r

Ü # ) VÇØÄ:
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19.5�1

5�1µMa+bX(θ) = E(eθ(a+bX)) = eaθMX(bθ)
~µZ ∼ N(0, 1)

MZ(θ) = E(eθZ)

=

∫ ∞
−∞

eθz
1√
2π
e−

1
2
z2
dz

= exp(
1

2
θ2)

1√
2π

∫ ∞
−∞

exp{−1

2
(z − θ)2}dz

lµMZ(θ) = exp(1
2θ

2)

Ü # ) VÇØÄ:
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19.5�1

2�ÄµX = µ+ σZ ,X ∼ N(µ, σ2)

MX(θ) = Mµ+σZ(θ)

= eµθMZ(σθ)

= exp(µθ +
1

2
σ2θ2)

u´µ

MX−µ(θ) = e−µθMX(θ) = exp(
1

2
σ2θ2)

=

∞∑
r=0

(1
2σ

2θ2)r

r!
=

∞∑
r=0

σ2r

2rr!
θ2r

=

∞∑
r=0

σ2r

2r
(2r)!

r!

θ2r

(2r)!

Ü # ) VÇØÄ:
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19.5�1



µr =

[
dr

dθr
{MX−µ(θ)}

]
θ=0

l
µ2r+1 = 0, r = 1, 2, . . .

µ2r =
σ2r(2r)!

2rr!
, r = 0, 1, 2, . . .

AO
µ2 = σ2, µ4 = 3σ4

Ü # ) VÇØÄ:
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20.5�2

�X,Y´�pÕá��ÅCþ§K

MX+Y (θ) = MX(θ)MY (θ)

y²µ

MX+Y (θ) = E

(
eθ(X+Y )

)
= E

(
eθXeθY

)
= E(eθX)E(eθY )

= MX(θ)MY (θ)

Xµ�X1, . . . , Xn´Õá�ÅCþ§Kµ

MX1+X2+···+Xn(θ) = MX1(θ)MX2(θ) . . .MXn(θ)

Ü # ) VÇØÄ:
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21.~

�Z1, . . . , Zn´�pÕá�IO��©Ù�ÅCþ§Kµ

V = Z2
1 + · · ·+ z2

n ∼ χ2
n

y²µ�z´IO�©Ù��ÅCþ

MZ2(θ) = E(eθZ
2
) =

∫ ∞
−∞

eθz
2 1√

2π
e−

1
2
z2
dz

=

∫ ∞
−∞

1√
2π
exp{−1

2
(1− 2θ)z2}dz

�θ < 1/2�§�C�y =
√

1− 2θz

MZ2(θ) =

∫ ∞
−∞

1√
2π
e−

1
2
y2 1√

(1− 2θ)
dy = (1− 2θ)−

1
2 , θ < 1/2

Ü # ) VÇØÄ:
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21.~(y²)

u´µ

MV (θ) = (1− 2θ)−
1
2 (1− 2θ)−

1
2 . . . (1− 2θ)−

1
2

= (1− 2θ)−
n
2 , θ <

1

2

,��¡§χ2
n��Ý¼ê�

1

2
n
2 Γ(n2 )

w
n
2
−1e−

1
2
w, w ≥ 0

Ü # ) VÇØÄ:
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21.~(y²)

ÙÝ1¼ê�µ∫ ∞
0

eθw
1

2
n
2 Γ(n2 )

w
n
2
−1e−

1
2
wdw

=

∫ ∞
0

1

2
n
2 Γ(n2 )

w
n
2
−1exp{−1

2
w(1− 2θ)}

= (1− 2θ)−
n
2

1

Γ(n2 )

∫ ∞
0

t
n
2
−1e−tdt

= (1− 2θ)−
n
2

= MV (θ)

Ü # ) VÇØÄ:
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22.õ�Ý1¼ê

½Âµ

MX,Y (θ1, θ2) = E(eθ1X+θ2Y ) =

∫ ∞
−∞

∫ ∞
−∞

eθ1x+θ2yf(x, y)dxdy

5�1: [
∂r+sMX,Y (θ1, θ2)

∂θr1∂θ
s
2

]
θ1=θ2=0

= E(XrY s)

5�2:

MaX+bY (θ) = E

(
e(aX+bY )θ

)
= E

(
e(aθ)X+(bθ)Y

)
= MX+Y (aθ, bθ)

Ü # ) VÇØÄ:
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23.~

(U, V ) ∼ N(0, 0; 1, 1; ρ)

MU,V (θ1, θ2) = E(eθ1U+θ2V )

=

∫ ∞
−∞

∫ ∞
−∞

eθ1u+θ2v 1

2π
√

1− ρ2
exp

{
− 1

2(1− ρ2)
[u2−2ρuv+v2]

}
dudv

= exp{1

2
(θ2

1 + 2ρθ1θ2 + θ2
2)}

-µX = µx + σxU ,Y = µy + σyV
Kµ(U, V ) ∼ N(0, 0; 1, 1; ρ) ⇐⇒ (X,Y ) ∼ N(µx, µy;σ

2
x, σ

2
y ; ρ)

Ü # ) VÇØÄ:
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23.~

l

MX,Y (θ1, θ2) = E

[
eθ1(µx+σxU)+θ2(µy+σyV )

]
= e(θ1µx+θ2µy)MU,V (θ1σx, θ2σy)

= exp{(θ1µx + θ2µy) +
1

2
(θ2

1σ
2
x + 2θ1θ2ρσxσy + θ2

2σ
2
y)}

u´µ
MaX+bY (θ) = MX,Y (aθ, bθ)

= exp{(aµx + bµy)θ +
1

2
(a2σ2

x + 2abcov(X,Y ) + b2σ2
y)θ

2}

Ü # ) VÇØÄ:
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23.~

= MGF of N(aµx + bµy, (a
2σ2
x + 2abcov(X,Y ) + b2σ2

y)θ
2)

=µaX + bY ∼
N(aE(X) + bE(Y ), a2V ar(X) + 2abCov(X,Y ) + b2V ar(Y ))
���/§�(X1, X2, . . . , Xn)Ñlõ���©Ù,Kµ

n∑
i=1

aiXi ∼ N
( n∑
i=1

aiE(Xi),

n∑
i=1

a2
iV ar(Xi)+2

∑
i<j

aiajCov(Xi, Xj)

)

Ü # ) VÇØÄ:
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24.A�¼ê

½Â:�X ´��ÅCþ§¡

ϕ(t) = E{exp(itX)}

�X�A�¼ê. i =
√
−1´Jêü .

(1)�X�lÑ�ÅCþ�,

ϕ(t) =

∞∑
k=1

eitxkpk

(2)�X�ëY�ÅCþ�§

ϕ(t) =

∫ +∞

−∞
eitxp(x)dx

Ü # ) VÇØÄ:
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25.A�¼ê�O�¥^�EC¼ê§

(1) î.úªµeitx = cos(tx) + i sin(tx)

(2) Eê��Ýµ ¯a+ bi = a− bi

(3) Eê��: | a+ bi |=
√
a2 + b2

Ü # ) VÇØÄ:
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26.A�¼ê�5�

| ϕ(t) |≤ ϕ(0) = 1

ϕ(−t) = ¯ϕ(t)

ϕaX+b(t) = eibtϕX(at)

eX �YÕá§K

ϕX+Y (t) = ϕX(t)ϕY (t)

ϕk(0) = ikE(Xk)

Ü # ) VÇØÄ:
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27.õ�A�¼ê�õ���©Ù

X = (X1, X2, . . . , Xp) ∼ Np(µ,Σ)

Ù�Ý¼ê�

f(X) =
1

(2π)p/2| Σ |1/2
exp

{
−1

2
(X − µ)Σ−1(X − µ)

}

Ü # ) VÇØÄ:
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28.õ�A�¼ê

A�¼êµ

f(t) = Eexp{i(t1X1 + · · ·+ tpXp)}

= exp{iµ′t− 1

2
t′Σt}

êÆÏ"����Ý


Ü # ) VÇØÄ:
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29.�5C�

½n1: X : Np(µ,Σ) ⇒

a′X = a1X1 + a2X2 + · · ·+ apXp : N(a′µ, a′Σa)

a′X : N(a′µ, a′Σa)éz�a ⇒

X ∼ Np(µ,Σ)

Ü # ) VÇØÄ:
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29.�5C�(Y)

Ü # ) VÇØÄ:
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30.~

Ü # ) VÇØÄ:
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31.X

Ü # ) VÇØÄ:
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32.~

Ü # ) VÇØÄ:
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33.^�©Ù�Õá5(1)

Ü # ) VÇØÄ:
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33.^�©Ù�Õá5(2)

Ü # ) VÇØÄ:
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33.y²(1)

Ü # ) VÇØÄ:
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33.y²(2)

Ü # ) VÇØÄ:
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34.~

Ü # ) VÇØÄ:
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1.SN�((1nÙ)

©Ù¼ê�½Â�Ä�5�

�
��lÑ.©Ù�ëY.©Ù£��©
Ù!Poisson©Ù!AÛ©Ù!�AÛ©Ù!þ!©Ù!�
�©Ù!�ê©Ù!Gamma©Ù¤

éÜ©Ù�½Â�Ä�5�£>S©Ù!^�©Ù¤

�
��lÑ.�ëY.éÜ©Ù£õ�©Ù!þ!©
Ù!õ���©Ù¤

�ÅCþ�Õá5

Ü # ) VÇØÄ:
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1.SN�((1nÙ)

©Ù¼ê�½Â�Ä�5�

�
��lÑ.©Ù�ëY.©Ù£��©
Ù!Poisson©Ù!AÛ©Ù!�AÛ©Ù!þ!©Ù!�
�©Ù!�ê©Ù!Gamma©Ù¤

éÜ©Ù�½Â�Ä�5�£>S©Ù!^�©Ù¤

�
��lÑ.�ëY.éÜ©Ù£õ�©Ù!þ!©
Ù!õ���©Ù¤

�ÅCþ�Õá5

Ü # ) VÇØÄ:
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1.SN�((1nÙ)

©Ù¼ê�½Â�Ä�5�

�
��lÑ.©Ù�ëY.©Ù£��©
Ù!Poisson©Ù!AÛ©Ù!�AÛ©Ù!þ!©Ù!�
�©Ù!�ê©Ù!Gamma©Ù¤

éÜ©Ù�½Â�Ä�5�£>S©Ù!^�©Ù¤

�
��lÑ.�ëY.éÜ©Ù£õ�©Ù!þ!©
Ù!õ���©Ù¤

�ÅCþ�Õá5

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

1.SN�((1nÙ)

©Ù¼ê�½Â�Ä�5�

�
��lÑ.©Ù�ëY.©Ù£��©
Ù!Poisson©Ù!AÛ©Ù!�AÛ©Ù!þ!©Ù!�
�©Ù!�ê©Ù!Gamma©Ù¤

éÜ©Ù�½Â�Ä�5�£>S©Ù!^�©Ù¤

�
��lÑ.�ëY.éÜ©Ù£õ�©Ù!þ!©
Ù!õ���©Ù¤

�ÅCþ�Õá5

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

1.SN�((1nÙ)

©Ù¼ê�½Â�Ä�5�

�
��lÑ.©Ù�ëY.©Ù£��©
Ù!Poisson©Ù!AÛ©Ù!�AÛ©Ù!þ!©Ù!�
�©Ù!�ê©Ù!Gamma©Ù¤

éÜ©Ù�½Â�Ä�5�£>S©Ù!^�©Ù¤

�
��lÑ.�ëY.éÜ©Ù£õ�©Ù!þ!©
Ù!õ���©Ù¤

�ÅCþ�Õá5

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

1.SN�((1nÙ)

©Ù¼ê�½Â�Ä�5�

�
��lÑ.©Ù�ëY.©Ù£��©
Ù!Poisson©Ù!AÛ©Ù!�AÛ©Ù!þ!©Ù!�
�©Ù!�ê©Ù!Gamma©Ù¤

éÜ©Ù�½Â�Ä�5�£>S©Ù!^�©Ù¤

�
��lÑ.�ëY.éÜ©Ù£õ�©Ù!þ!©
Ù!õ���©Ù¤

�ÅCþ�Õá5

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

2.�ÅCþ��Å�þ�C�

• Ä�g�

• na¯K

• Ä�úª�È©�O�

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

3.SN�((1oÙ)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

4.~^©ÙL

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

5.SKù)

1nÙP163 SK2µ

P165SK14µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

6.SKù)

P164 SK11µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

7.SKù)

P164 SK11µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

8.SKù)

P166 SK28µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

9.SKù)

P166 SK28µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

10.SKù)

P167 SK29µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

11.k�©Ù��Ý¼ê

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

12.t-©Ù��Ý¼ê

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

13.F-©Ù��Ý¼ê

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

14.SKù)

P167-168 SK37µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

15.SKù)

P167-168 SK37µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

16.SKù)

P246 SK9-10µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

17.SKù)

P246SK13-14µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

18.SKù)

P246SK13-14µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½nêÆÏ" �ÅCþ����IO� ^�êÆÏ" SK�(2)

19.SKù)

P247 SK21µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

1 1"Ù �µ�Ä��¦

2 1�Ù ¯��VÇ

3 1�Ù ^�VÇ�ÚOÕá

4 1nÙ �ÅCþ�©Ù¼ê

5 1oÙ êiA��A�¼ê

6 1ÊÙ 4�½n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

1.�ÅCþS��o«Âñ5(1)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

2.�ÅCþS��o«Âñ5(2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

3.o«Âñ�m�'X(1)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

4.o«Âñ�m�'X(2)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

5.o«Âñ�m�'X(3)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

1.Chebyshev�ê½Æ

��ÅCþS�X1, X2, . . . , Xn, . . .�pÕá§�äk�Ó�ê
ÆÏ"Ú��©

E(Xk) = µ, D(Xk) = σ2 , k = 1, 2, . . .

K∀ε > 0k

lim
n→∞

P

(
| 1

n

n∑
i=1

Xi − µ |≥ ε
)

= 0

½

lim
n→∞

P

(
| 1

n

n∑
i=1

Xi − µ |< ε

)
= 1

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

2.Chebyshev�ê½Æí2

���µ

�X1, X2, . . . , Xn, . . .üüØ�'§Ø�½k�Ó�êÆÏ"�
��§��

E(Xk) = µk, D(Xk) = σ2
k ≤ σ2 , k = 1, 2, . . .

Kk

lim
n→∞

P

(
| 1

n

n∑
k=1

Xk −
1

n

n∑
k=1

µk |≥ ε
)

= 0

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

3.g�K

�X1, X2, . . . , Xn, . . .�pÕá§ÑlÓ�©Ù§�äk�Ó�
êÆÏ"E(Xk) = µ, k = 1, 2, . . . ,´Äké?¿�êε > 0,

lim
n→∞

P

(
| 1

n

n∑
k=1

Xk − µ |≥ ε
)

= 0

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

4.¥%4�½n(I)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

5.ïÄ�µ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

6.p�î¹�Á�

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

7.¯K

¯Kµ�ÄXeÕá�ÅCþÚ

�{Xn}�Õá�ÅCþS�§PÙÚ�

Yn =

n∑
i=1

Xi

4 ?ØÕá�ÅCþÚ�4�©Ù

4 4�©Ù���©Ù.

¥%4�½nÒ´?Ø5�z���ÅCþS��Ü©ÚÛ�
�©ÙÂñuIO��©Ù"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

8.A���¥%4�½n

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

9.£1¤����)V�£Lindeberg-LYvy¤¥%4�½
n

��ÅCþS�X1, X2, . . . , Xn, . . .ÕáÓ�©Ù, �kÏ"Ú
��µ

E(Xk) = µ,D(Xk) = σ2 > 0, k = 1, 2, . . .

Kéu?¿¢êx ,

lim
n→∞

P

(∑n
k=1Xk − nµ√

nσ
≤ x

)
=

1√
2π

∫ x

−∞
e−

t2

2 dt = Φ(x)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

10.£2¤�#6).Ê.d£DeMoivre-Laplace ¤¥%
4�½n

�µn�Ñl��©Ùb(n, p)��ÅCþ§K�n ¿©��§k

lim
n→∞

P

{
µn − np√

npq
≤ y
}

= Φ(y)

5µù´����)V�¥%4�½n�A~.

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

11.£3¤����¥%4�½n

�{Xn}�Õá�ÅCþS�§e?éτ > 0,k

lim
n→∞

1

τ2B2
n

n∑
i=1

∫
|x−µi|>τBn

(x− µi)2pi(x)dx = 0

(����^�), K

lim
n→∞

P

{
1

Bn

n∑
i=1

(Xi − µi) ≤ y
}

= Φ(y)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

12.£4¤oäÊìÅ¥%4�½n

�{Xn}�Õá�ÅCþS�§e�3δ > 0§÷vµ

lim
n→∞

1

B2+δ
n

n∑
i=1

E

(
| Xi − µi |2+δ

)
= 0

K

lim
n→∞

P

{
1

Bn

n∑
i=1

(Xi − µi) ≤ y
}

= Φ(y)

5µoäÊìÅ¥%4�½n´����¥%4�½n�íØ

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

13.~

�X1, X2, . . . , X99�pÕá, �ÑlØÓ�0–1©

ÙP (Xi = 1) = pi = 1− i
100 ,Á¦P

(∑99
i=1Xi ≥ 60

)
): �X100, X101, . . .�pÕá, ��X99Ó©Ù,K�±�
y{Xn}÷vδ = 1�oäÊìÅ^�§

�E

(∑99
i=1Xi

)
= 49.5 , V ar

(∑99
i=1Xi

)
= 16.665dd�

P

( 99∑
i=1

Xi ≥ 60

)
= P

{∑99
i=1Xi − 49.5√

16.665
≥ 60− 49.5√

16.665

}
≈ 1− Φ(2.5735) = 0.005

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

14.¥%4�½n�A^

��©Ù�CqO�µ

~:�k�1«f§Ù¥û«Ó1/6. Á�O3?À�6000â«f
¥§û«'~�1/6 '�þeØ�L1%�VÇ"

): �X L«6000â«f¥�û«ê,K

X ∼ B(6000, 1/6)

d�#Ã).Ê.d¥%4�½n,Cqk

X ∼ N(1000,
5000

6
)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

15.��©Ù�CqO�(Y)

P

(
| X

6000
− 1

6
|< 0.01

)
= P (| X − 1000 |< 60)

≈ Φ

(
1060− 1000√

5000/6

)
− Φ

(
940− 1000√

5000/6

)

= Φ

(
60√

5000/6

)
− Φ

(
−60√
5000/6

)

= 2Φ

(
60√

5000/6

)
− 1 ≈ 0.9624

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

16.'�A�CqO��(J

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

17.5¿

��©Ù´lÑ©Ù§��©Ù´ëY©Ù§¤±^��©
Ù����©Ù�Cq�§��Xe?�µ

P (k1 ≤ µn ≤ k2) = P (k1 − 0.5 < µn < k2 + 0.5)

≈ Φ

(
k2 + 0.5− np
√
npq

)
− Φ

(
k1 − 0.5− np
√
npq

)

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

18.�#6).Ê.d½n�n�A^

�µn�Ñl��©Ùb(n, p)��ÅCþ§K�n¿©��§k

lim
n→∞

P

{
µn − np√

npq
≤ y
}

= Φ(y)

i) ®�n Úy§¦VÇ¶

ii) ®�n ÚVÇ§¦y ¶

iii) ®�y ÚVÇ§¦n .

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

19.�½n Úy§¦VÇ

~:100�Õáó�(ó��VÇ�0.9)�Ü�|¤��XÚ§¦
XÚ¥��k85�Ü�ó��VÇ.

)µ^Xi = 1L«1i�Ü��~ó�, ��P�Xi = 0q
PY = X1 +X2 + · · ·+X100,KE(Y ) = 90, V ar(Y ) = 9.dd
�µ

P{Y ≥ 85} ≈ 1− Φ

(
85− 0.5− 90√

9

)
= 0.966

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

20.�½n ÚVÇ§¦y

~:k200�Õáó�(ó��VÇ�0.7)�ÅK§z�ÅKó�
�I15kw>å. ¯�Iõ�>å, â�k95%��U5�y�~
)�?
)µ^Xi = 1L«1i�ÅK�~ó�, ��P�Xi = 0q
PY = X1 +X2 + · · ·+X200,KE(Y ) = 140, V ar(Y ) = 42.�ø
>þ�y, Kl

P{15Y ≥ y} ≈ 1− Φ

(
y/15 + 0.5− 140√

42

)
≥ 0.95

¥)�
y ≥ 2252

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

21.�½y ÚVÇ§¦n

~:^N�é�¥�Âw'~k/n ��,>À!8�ÂÀÇp�
�O"�k90%�rº§¦k/n�p��ÉØ�u0.05§¯���
N�õ�é�º
)µ^YnL«n �N�é�¥Âwd!8�<ê§KYnÑ
lb(n, p)©Ù§k�Yn�¢S��"�âK¿

P (| Yn/n− p |< 0.05) ≈ 2Φ

(
0.05

√
n/p(1− p)

)
− 1 ≥ 0.90

l¥)�
0.05

√
n/p(1− p) ≥ 1.645

qdp(1− p) ≤ 0.25 �)�

n ≥ 270.6 , n = 271

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

22.¢S~f

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

1.SN�(

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

2.SN�(

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

3.SN�(

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

4.SKù)

• P246 14

• P246 16

• P247 21

• P249 47

• P321 8

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

5.Ö¿SK

•~1µrêi1, 2, . . . , n?¿ü¤��§XJêikTÐÑy3
1k� �K¡�q���é§±XL«¤k��éê"¦X�
êÆÏ"���"

•~2µrr �¥�Å/�\n�Ýf¥§±XrL«�Ý�ê
8§¦Xr�êÆÏ""

•~3µ��ÅCþX1, X2, . . . , Xn¥?¿ü��ÅCþ��'X
êÑ´ρ§y²µρ ≥ −1/(n− 1)

•~4µ�X§YÑ´��ü����ÅCþ§y²X�Y�pÕ
á�¿©7�^�´X�YØ�'"

Ü # ) VÇØÄ:



có ¯��VÇ ^�VÇ�ÚOÕá �ÅCþ�©Ù¼ê êiA��A�¼ê 4�½n�ÅCþS��Âñ5 4�½n SK�(3)

6.Ö¿SK

•~5µ�Xk, k = 1, 2, . . .�pÕá§�µ

P (Xk = ±ks) = 1/2

y²�s < 1/2�§{Xk}Ñlf�ê½Æ"

•~6µP322 25-27, P324 39

•~7µP324 37(1)

•~8µP327 61

•~9µP325 64

Ü # ) VÇØÄ:
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