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1 ¯̄̄������mmm���'''XXX

(1) lA−B = CíØÑA = B ∪ C

�A−B = C�§�UíÑA ⊂ B ∪ C. ¯¢þ§-

A = {1, 2, 3, 4, 5}, B = {1, 3, 5, 7},

u´

C = A−B = {2, 4}.



B ∪ C = {1, 2, 3, 4, 5, 7},

lB ∪ C ⊃ A§�´A 6= B ∪ C.

=�A ⊃ B�§�U�ÑA = B ∪ C.

(2) lA = B ∪ CíØÑA−B = C

�A = B ∪ C¤á�§�UíÑA − B ⊂ C. �B ⊂ A§C ⊂ A � B ∩ C 6= ∅
�§�±�ÑA−B = C. ~X§-

A = {1, 2, 3, 4, 5, 6}, B = {1, 2, 3}, C = {2, 4, 5, 6}.

Kk

B ∪ C = {1, 2, 3, 4, 5, 6} = A.

�

A−B = {4, 5, 6}.

lA−B 6= C.

(3)
⋃

k Ak −
⋃

k Bk 6=
⋃

k(Ak −Bk)

éu���¹�A§B§C§k⋃
k

Ak −
⋃
k

Bk ⊂
⋃
k

(Ak −Bk).

~X§-k = 2§�

A1 = A2 = {1, 2, 3, 4, 5, 6}, B1 = {1, 2}, B2 = {5, 6}.

Kk

(A1 ∪A2)− (B1 ∪B2) = {3, 4}, (A1 −B1) ∪ (A2 −B2) = {1, 2, 3, 4, 5, 6}.

l(A1 ∪A2)− (B1 ∪B2) 6= (A1 −B1) ∪ (A2 −B2).
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2 lllVVVÇÇÇ'''XXXíííØØØÑÑÑ¯̄̄���'''XXX

eü�¯�A§B�mk'XA ⊂ B§KÙéA�VÇ'XXeµP (A) ≤ P (B)§
��Ø,.

~X§�

P (A) = 0.3, P (B) = 0.35, P (A ∪B) = 0.35.

ù�§A ⊂ BØ¤á. ¯¢þ§d

P (A ∪B) = P (A) + P (B)− P (A ∩B)

9b���P (A ∩B) = 0.3.

u´§A− (B ∩A)�VÇ

P (A−B ∩A) = P (A)− P (B ∩A) = 0,

�ùØ¿�XA−B ∩A = ∅.

·�UC�eþ¡¤��^�§Ò�±^5`²,�«�/. �

P (A) = 0.3, P (B) = 0.05, P (A ∪B) = 0.35.

d���P (A ∩B) = 0§�ùØU`²A ∩B = ∅§ÏØU�ÑA§Bp½�(Ø.

ÏLùü�~f��§ØUdVÇ'XíÑ¯�'X.

3 VVVÇÇÇ���"""���¯̄̄������777´́́ØØØ���UUU¯̄̄���

Ø�U¯��VÇ7�". @o§VÇ�"�¯�´Ä�Ø�U¯�º£���´
Ä½�.

��Ä�é���;VÇ�.§VÇUì�;VÇ½Â�§VÇ�"�¯��½

´Ø�U¯�.

�´§��Ä�é��AÛVÇ�.§VÇUAÛVÇ½Â�§VÇ�"�¯�

�7´��Ø�U¯�. ~X§�Ω = {(x, y), 0 ≤ x, y ≤ 1}§A = {x = y, 0 ≤ x, y ≤
1}§w,P (A) = 0. �A´�Uu)�. ,	éuëY5�ÅCþ§§3�:?���
VÇ�"§�§Ø´Ø�Uu).
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4 ���lllÑÑÑ...qqq���ëëëYYY...���©©©ÙÙÙ¼¼¼êêê

~~~ �

F (x) =


0, x ≤ 0,
1+x

2 , 0 < x ≤ 1,
1, x > 1.

KF (x)´��©Ù¼ê. �´§F (x)w,Ø´lÑ.�§��ëY.�.

5 kkk������\\\������������\\\���VVVÇÇÇÿÿÿÝÝÝ

�Ω´[0, 1]¥¤kknê|¤�8Ü§F1L«d/ª�[a, b], (a, b], [a, b), (a, b)¤|
¤�Ω�f8a§ùpa, bÑ�knê. -F2L«dF1¥¤kØ���8Ü�k�¿|

¤�8Ü. KF2´���. ·�3ù��þ½ÂVÇÿÝµ

P (A) = b− a, XJA ∈ F1,

P (B) =
n∑

i=1

P (Ai), XJ B ∈ F2.

ùpB ∈ F2L«B =
∑n

i=1Ai§Ai ∈ F1.

�ÄF2¥ü�Ø���8ÜB§B
′§=

B =
n∑

i=1

Ai, B′ =
m∑

j=1

A′j ,

Ù¥Ai§Aj ∈ F1§�Ai§AjÑpØ��. KB + B′ =
∑m+n

k=1 Ck§ùpCk = Ai½

öCk = A′j . �e5§

P (B +B′) = P (
∑

k

Ck) =
∑

k

P (Ck) =
∑
i,j

(P (Ai) + P (A′j))

=
∑

i

P (Ai) +
∑

j

P (A′j) = P (B) + P (B′).

´�§P÷vk��\5.

éuz�ü:8{r} ∈ F2§P ({r}) = 0. du8ÜΩ´�ê8§=Ω =
∑∞

i=1{ri}§
K

P (Ω) = 1 6= 0 =
∞∑
i=1

P ({ri}),

=P����\.
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6 >>>SSS©©©ÙÙÙ���éééÜÜÜ©©©ÙÙÙ���±±±ØØØ´́́ÓÓÓaaa...©©©ÙÙÙ

·���§��©Ù�>S©ÙE���©Ù§õ�©Ù�>S©Ù½�õ�©

Ù. @o´ÄéÜ©Ù�>S©Ù��Ó�«a�©ÙQº��£�´Ä½�§ù«¯
K�~féõ.

~X§�ÅCþ(ξ1, ξ2)kéÜ�Ý¼ê

f(x, y) =

{
1
4

[
1 + xy(x2 + y2)

]
, |x| ≤ 1, |y| ≤ 1,

0, ��.

Kξ1§ξ2��Ý¼ê©O�fξ1(x) = 1/2§|x| ≤ 1§fξ2(y) = 1/2§|y| ≤ 1. w,§nö
Ø´Ó�a.�©Ù.

7 ddd>>>SSS©©©ÙÙÙÃÃÃ{{{¦¦¦ÑÑÑéééÜÜÜ©©©ÙÙÙ

dü��ÅCþξ§η�éÜ©Ùf(x, y)�±éN´/O�Ñ§��g�>S©
Ùfξ(x)Úfη(y). �´§e=��ξ, η�g�>S©Ù§%�U¦ØÑ§��éÜ©Ù.

~X§rn�¥�3n�Ý¥. ù����mk27�:§-NL«�´3�¥�Å
��\n�Ý¥�C?¥�Ýf��ê§XiL«1i�Ýf¥¥��ê(i = 1, 2, 3). é
uz���:D±VÇ 1

27 = q. d�§/ªþ�Ä(N, X1)�éÜ©ÙdeL�Ñ.

HHH
HHHHN

X1 0 1 2 3 N�©Ù

1 2q 0 0 q 3q=1
9

2 6q 6q 6q 0 18q=2
3

3 0 6q 0 0 6q=2
9

X1�©Ù 8q 12q 6q q 1

w,Ã{dX1§N�>S©Ù�Ñ(X1, N)�éÜ©Ù. E¤ù«�/��Ï3
uX1�NØÕá.

8 ���ÓÓÓ>>>SSS©©©ÙÙÙ���´́́éééÜÜÜ©©©ÙÙÙØØØÓÓÓ-1

e�Å�þ(X1, .., Xn)�©Ù¼ê�F (x1, .., xn)§K>S©ÙFk(xk), k = 1, ..., n�
��(½§���Ø,.
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~~~ -p = {pij , i, j = 1, 2, ...}´����lÑ©Ù. ÀJü�:(x1, y1)Ú(x2, y2)§
÷vz�:þÑk��VÇ�x1 6= x2§y1 6= y2. �ε¦�0 < ε ≤ p11§0 < ε ≤ p22. �
Äq = {qij , i, j = 1, 2, ...}§½ÂXeµ

q11 = p11 − ε, q12 = p12 + ε, q21 = p21 + ε, q22 = p22 − ε,

éuÙ{�i, j 6= 1, 2§-qij = pij . ´�q�´����©Ù§�ÚpkXÓ��>S©
Ù§�,p 6= q.

9 ���ÓÓÓ>>>SSS©©©ÙÙÙ���´́́éééÜÜÜ©©©ÙÙÙØØØÓÓÓ-2

~~~ b½F1ÚF2��Ý¼ê©O�f1Úf2. �Ä¼ê

f(x1, x2) = f1(x1)f2(x2)[1 + ε(2F1(x1)− 1)(2F2(x2)− 1)], (x1, x2) ∈ R2,

Ù¥ε�?¿¢ê§�÷v|ε| ≤ 1. �±wÑf´���Ý¼ê§�§�>S�Ý¼ê©
O�f1Úf2§�εÃ'§�(½
>S©Ù�Ã{(½éÜ©Ù.

10 ���ÓÓÓ>>>SSS©©©ÙÙÙ§§§���´́́éééÜÜÜ©©©ÙÙÙØØØÓÓÓ-3

�,§>S©Ù¼êdéÜ©Ù¼ê��û½§���%Ø¤á. �Ò´`§Ø�
Ó�©Ù¼ê%�±k�Ó�>S©Ù¼ê. e¡ÞÑ�~.

�kü���©Ù¼ê�F (x, y)9G(x, y)§©Ok�Ý¼ê�µ

f(x, y) =

{
x+ y e0 ≤ x ≤ 1, 0 ≤ x ≤ 1,
0 Ù¦,

g(x, y) =

{
(0.5 + x)(0.5 + y) e0 ≤ x ≤ 1, 0 ≤ x ≤ 1,
0 Ù¦.

´�F, GØð�. ,§üé>S©Ù¼ê%��§Ï�¦��üé�Ý¼ê��. ¯
¢þ ∫ ∞

−∞
f(x, y)dy =

∫ ∞

−∞
g(x, y)dy = 0.5 + x,∫ ∞

−∞
f(x, y)dx =

∫ ∞

−∞
g(x, y)dx = 0.5 + y.
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11 ������VVVÇÇÇ���ÝÝÝ¼¼¼êêêëëëYYY§§§>>>SSS���ÝÝÝ¼¼¼êêêØØØ���½½½ëëëYYY

~~~ -

f(x, y) = (2
√

2π)−1|x| exp(−|x| − 1
2
x2y2), (x, y) ∈ R2. (1)

N´�yf´��VÇ�Ý¼ê. éu1��>S�Ý¼ê

f1(x) =

{
0, x = 0,
1
2 exp(−|x|), x 6= 0.

(2)

´�§�,fëY§�f13x = 0?ØëY.

5¿�¼êf�k�:ØëY. y3·��âf�E��#�ëY��Ý¼ê§¦
§�>S�Ý¼êkÃ¡õ�ØëY:.

-{rk, k ≥ 1}��|®üS�knê§-

g(x, y) =
∞∑

n=1

2−nf(x− rn, y). (3)

´�£1¤¥f3R2¥k.§£3¤ª¥mà�?ê3R2¥��Âñ. ,	§g´�
�??ëY�VÇ�Ý¼ê§§�>S�Ý¼ê�

g1(x) =
∞∑

n=1

2−nf1(x− rn). (4)

Ón´�£4¤ªmà�?ê��Âñ§�´3knê:r1§r2§... þ g1ÑØëY. �
,§3Ù¦Ãnê:Ñ´ëY�.

12 êêêÆÆÆÏÏÏ"""ØØØ���333���lllÑÑÑ...���ÅÅÅCCCþþþ

3lÑ.�ÅCþ�êÆÏ"½Â¥£�5VÇØÄ:6§p.172¤§�¦?
ê
∑∞

i=1 xkpkýéÂñ. ´�§eýéÂñ§K?ê
∑∞

i=1 xkpkÂñ§��Ø,.

~~~ ��ÅCþX���

xk = (−1)k 2k

k
, k = 1, 2, ...

�A�VÇ�

pk =
1
2k
, k = 1, 2, ...
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ù´��lÑ.��ÅCþ. du

∞∑
k=1

|xk|pk =
∞∑

k=1

1
k

= ∞,

lEXØ�3. ,
∞∑

k=1

xkpk =
∞∑

k=1

(−1)k 1
k

= − ln 2.

13 êêêÆÆÆÏÏÏ"""ØØØ���333���ëëëYYY...���ÅÅÅCCCþþþ

3êÆÏ"�½Â¥§�¦È©ýéÂñ. ·���§e��È©ýéÂñKTÈ
©�½Âñ§��KØ�½¤á.

~~~ ��ÅCþX��Ý¼ê�

f(x) =
1
π
· 1
1 + x2

, x ∈ R.

duf(x) ≥ 0§� ∫ ∞

−∞
f(x)dx = 1.

�f(x)(¢´���Ý¼ê. �´§Ï�∫ a

−a
|x| 1
π
· 1
1 + x2

dx =
1
π

∫ a

0

d(1 + x2)
1 + x2

=
1
π

ln(1 + a2),

�a→∞�§ 1
π ln(1 + a2) →∞. �EXØ�3.

14 êêêÆÆÆÏÏÏ"""���333���������ØØØ���333������ÅÅÅCCCþþþ

�Ý¼ê�

f(x) =
Γ(3

2)
√
πΓ(1

2)
· 1
(1 + x2)3/2

��ÅCþX§ÙêÆÏ"�0§��Ø�3.

15 ξ���ηØØØÕÕÕááá���E(ξη) = Eξ · Eη

�ξ§η�ü��ÅCþ. eξÚηÕá§��gêÆÏ"�3§K

E(ξη) = Eξ · Eη.
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��KØ,.

~~~ �Ω = [0, 1]§S�Ω�ÆX�8§P�Ï~�V��ÿÝ. �ÄXeü��Å
Cþ

ξ(x) = sin 2πx, η(x) = cos 2πx.

ØJ��

E(ξη) = Eξ = Eη = 0.

�εv
§¦�

Aξ = {x : | sin 2πx− 1| < ε}, Aη = {x : | cos 2πx− 1| < ε}

Ø��§=P (AξAη) = 0. ,��¡,

P (Aξ) 6= 0 6= P (Aη).

�ξ§ηØÕá.

16 ������ÝÝÝ���333���ØØØvvv±±±(((½½½©©©ÙÙÙÆÆÆ

l�ÅCþ�©Ù¼ê§�±(½§���Ý§���Ø,. ¢Sþ§�3XØÓ
�©Ù¼ê§Ù��ÝÑ´���.

~~~ ��ÅCþξ§η©OäkXe�Ý¼êfξ(x)Úfη(x)µ

fξ(x) =

{
C exp(−xu cosuπ), x > 0,
0, x ≤ 0,

fη(x) =

{
C[1 + sin(xu cosuπ)] exp(−xu cosuπ), x > 0,
0, x ≤ 0,

Ù¥0 < u < 1
2§C = u(cos uπ)1/u

Γ(1/u) .

w,§fξ(x) 6= fη(x)§�´yü�ÅCþ©Ù¼êØÓ. �´§�%k�Ó���
Ýµ ∫ ∞

0
xnfξ(x)dx =

Γ(n+1
u )

Γ( 1
u)

(cosuπ)−n/u =
∫ ∞

0
xnfη(x)dx.

8



17 üüüüüüÕÕÕááá���ØØØ���pppÕÕÕááá-1

¤¢¯�Ak§k = 1, 2, ..., nüüÕá§´�Ù¥?¿ü�Ai§Aj�mÑk'Xª

P (AiAj) = P (Ai)P (Aj), (i 6= j, i, j = 1, 2, ..., n)

¤á. �pÕá�½Â�5VÇØÄ:6§p143.

·���§e¯�Ak§k = 1, 2, ..., n�pÕá§K¦��½üüÕá§���Ø
,.

~~~ koÜk¡§�kêi112§121§222§211. �ÅCþξ1§ξ2§ξ3©OL«�
Å���,Ük¡þ�1�!1�!1n êi. �oÜk¡�VÇ��. du

P (ξi = 1) = 0.5, (i = 1, 2, 3)

P ((ξi = 1) ∩ (ξj = 1)) = 0.25. (i 6= j, i, j = 1, 2, 3)

¤±ξ1, ξ2, ξ3üüÕá. �du

P ((ξ1 = 1) ∩ (ξ2 = 1) ∩ (ξ3 = 1)) = 0,

P (ξ1 = 1) · P (ξ2 = 1) · P (ξ3 = 1) =
1
8
6= 0.

�ξ1§ξ2§ξ3Ø�pÕá.

18 üüüüüüÕÕÕááá���ØØØ���pppÕÕÕááá-2

�n��Å�þ(X,Y, Z)�éÜ�Ý¼ê�

f(x, y, z) =

{
1

8π3 (1− sinx sin y sin z), 0 < x, y, z < 2π,
0, Ù¦.

l¥�±¦ÑX§Y§Z�g�>S©Ù§l�±�ÑX§Y§ZüüÕá�Ø�p

Õá.

19 üüüüüüÕÕÕáááØØØÎÎÎÜÜÜDDD444ÆÆÆ

�n�¯�A§B§C.eA�BÕá§��Õá§KkA�CÕá§·�Ò`A§B§C�
Õá'XÎÜD4Æ.

9



üüÕáØÎÜD4Æ. �Äkü�¯f�[Ì�N§b½)I¯�)å¯´��
U�. Ï���m

Ω = {(b, b), (b, g), (g, b), (g, g)},

Ù¥b =I¯§g =å¯. z�ép�gS´�Ñ)�gS§o:¥z�:äkVÇ1
4 .

y3�Å�ÀJù���[Ì§¿�Äe¡n�¯�µ

A =/1��¯f´I¯0,
B =/ü�¯fØÓ5O0,
C =/1��¯f´å¯0.

Kk

AB = {(b, g)}, BC = {(g, b)}, AC = ∅.

²{üO���

P (AB) = P (A)P (B) =
1
4
, P (BC) = P (B)P (C) =

1
4
.

=A�BÕá§C�BÕá. �´,

P (AC) = 0 6= 1
4

= P (A)P (C).

Ïd¯�A�CØÕá. ù��Ñ§A§B§C�Õá'XØÎÜD4Æ.

20 ���ÅÅÅCCCþþþØØØÕÕÕáááÙÙÙ¼¼¼êêêÕÕÕááá

¯¤±�§��©Ùk��A5µ?Ûn(n > 1)����©Ù��ÅCþ§�
±d�I¶�^=C��|n�Õá���©Ù��ÅCþ. ù`²
§én = 2§=
¦ξ§ηØÕá§��(ξ, η)Ñl��©Ù�§�Å�þ(ξ′, η′):

ξ′ = ξ cosα+ η sinα, η′ = −ξ sinα+ η cosα

Ñl��©Ùµ

f(x′, y′) =
1

2πσ1σ2

√
1− r2

exp
{
− 1

2(1− r2)
(Ax′2 − 2Bx′y′ + Cy′2)

}
.

��·��ÀJαµ

tan 2α =
2rσ1σ2

σ2
1 − σ2

2

,

KB = 0. d�ξ′§η′Õá.

10



21 P(ABC)=P(A)P(B)P(C)ØØØ���½½½íííÑÑÑA,B,C���pppÕÕÕááá

-Ω = {1, 2, 3, 4, 5, 6, 7, 8}§�3z�:�VÇÑ�1/8.�Ä¯�B1 = {1, 2, 3, 4}, B2 =
B3 = {1, 5, 6, 7}. KP (B1) = P (B2) = P (B3) = 1/2§B1B2B3 = {1}§P (B1B2B3) =
1
8 = P (B1)P (B2)P (B3). ,B2�B3�mw,ØÕá.

22 X2���Y 2ÕÕÕááá���X���YØØØÕÕÕááá-1

XJ�ÅCþX�YÕá§@oX2�Y 2�½Õá. ��Ø,.

�Ä�����Å�þ(X,Y )§ÙVÇ©Ù�

pi,j := P (X = i, Y = j), i, j = −1, 0, 1,

Ù¥p1,1 = p−1,1 = 1/32§p−1,−1 = p1,−1 = p1,0 = p0,1 = 3/32§p−1,0 = p0,−1 =
5/32§p0,0 = 8/32. N´�yX2, Y 2Õá§�X,YØÕá.

23 X2���Y 2ÕÕÕááá���X���YØØØÕÕÕááá-2

��Å�þ(X,Y )�éÜ�Ý¼ê�

f(x, y) =

{
1
4(1 + xy), |x| < 1§|y| < 1,
0, Ù¦.

dufX(x) = fY (y) = 1
2§¤±f(x, y) 6= fX(x)fY (y). ��X�YØ�pÕá. �´

fX2(x) = (4x)−1/2, fY 2(y) = (4y)−1/2,

�

fX2,Y 2(x, y) = (4
√
xy)−1.

��é��x§yk

fX2(x) · fY 2(y) = f(X2,Y 2)(x, y).

�X2�Y 2Õá.

11



24 ØØØ���'''���ØØØÕÕÕááá������ÅÅÅCCCþþþ-1

�ÅCþ�pÕáK§�7,Ø�'§��KØ,.

~~~ ��ÅCþX�Y�éÜ©Ù�

HHH
HHHHX

Y
-1 0 1

-1 1
8

1
8

1
8

0 1
8 0 1

8

1 1
8

1
8

1
8

N´�yX�YØ�'(cov(X,Y ) = 0)§��ØÕá.

25 ØØØ���'''���ØØØÕÕÕááá������ÅÅÅCCCþþþ-2

��ÅCþX�VÇ�Ý¼ê´ó¼ê§�EX2 < ∞. KX�|X|Ø�'§�Ø
Õá.

26 ���ÅÅÅCCCþþþξ1§§§ξ2ÕÕÕááá���ÙÙÙ¼¼¼êêêη1§§§η2���777ÕÕÕááá

��ÅCþξ1�ξ2�pÕá§η1�η2�§��¼ê. dξ1�ξ2Õá5�7U�
Ñη1�η2�Õá5. e¡©üÜ©!ù�¯K.

(1) ξ1§§§ξ2ÕÕÕáááÓÓÓ©©©ÙÙÙ§§§ÙÙÙ¼¼¼êêêη1§§§η2ÕÕÕááá

~~~ �ξ1§ξ2Õá�äk�Ó�©ÙN(0, 1)�§-

η1 = ξ1 + ξ2, η2 = ξ1 − ξ2.

´�η1§η2þÑl©ÙN(0, 2)§�k

fη1,η2(y1, y2) = fη1(y1) · fη2(y2),

Ù¥fη1,η2(y1, y2)§fη1(y1), fη2(y2)©O�η1�η2�éÜ©Ù�Ý¼ê9>S©Ù�Ý.
lη1�η2Õá.
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(2)ξ1§§§ξ2ÕÕÕáááÓÓÓ©©©ÙÙÙ§§§ÙÙÙ¼¼¼êêêη1§§§η2ØØØÕÕÕááá

eξ1�ξ2ÕáÓ©Ù: (
1, 2, 3, 4, 5, 6
1
6 ,

1
6 ,

1
6 ,

1
6 ,

1
6 ,

1
6

)
,

=��ü��f�:ê. -

η1 = ξ1 + ξ2, η2 = ξ1 − ξ2.

d�η1�η2½öÓ�óê½öÓ�Ûê. ¤±η1�η2Ø�pÕá.

�´§du

E(η1η2) = E(ξ21)− E(ξ22) = 0,

�

cov(η1, η2) = E(η1η2)− E(η1)E(η2) = 0,

lη1�η2Ø�'.

27 ©©©ÙÙÙ���ÓÓÓ���´́́���ÅÅÅCCCþþþØØØ���ÓÓÓ

�Ä½Â3Ó��VÇ�mþ�ü��ÅCþX§Y . b�§�´���§
=P{ω : X(ω) 6= Y (ω)} = 0. Ïd

FX(x) = P{ω : X(ω) ≤ x} = P{ω : Y (ω) ≤ x} = FY (x), ∀x ∈ R.

ÏdXÚY©Ù�Ó, ù�·�P�X d= Y½öX
L= Y .

�´��Ø,. ��ÅCþXÑl©ÙN(0, 1). -Y = −X§Kké¡5´�FX =
FY . �´

P{ω : X(ω) = Y (ω)} = P{ω : X(ω) = −X(ω)} = P{ω : X(ω) = 0} = 0,

=X§YØ��.

28 X
d
= YØØØ���½½½UUUíííÑÑÑXZ

d
= Y Z

-X§Y�ü��ÅCþ§�X
d= Y . �¼êg(x)§x ∈ R´��B1�ÿ¼ê. K

kg(X)§g(Y )�´�ÅCþ�g(X) d= g(Y ). ù¦�·�N´�)e¡ù�íÿµ
eX§Y§Z½Â3Ó��VÇ�mS§K

X
d= Y ⇒ XZ

d= Y Z, é?¿�ÅCþZ.

N´y²ù´��. -X�é¡��ÅCþ§Y = −X. KX d= Y . 2-Z = Y§K´

�XZ
d= Y ZØ�U¤á.
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29 ���ÅÅÅCCCþþþξ§§§ζkkk¼¼¼êêê'''XXX������pppÕÕÕááá

�Äù�n��ÅCþξ§ηÚζ§ξ�ηäk�Ó�©Ùµ(
0, 1
p, q

)
, p+ q = 1, p > 0, q > 0.

-ζ

ζ =

{
0, ξ + η =óê,
1, ξ + η =Ûê.

¿b½ξ�η�pÕá.

duξ�η�pÕá§¤±��ξ�η�éÜVÇ©Ù�µ

HH
HHH

HHξ

η
0 1

0 (1− p)2 p(1− p)

1 (1− p)p p2

�âb�§ζ�VÇ©Ù�(
0, 1

(1− p)2 + p2, 2p(1− p)

)
.

ζ�ξ�éÜVÇ©Ù�

HHH
HHHHξ

ζ
0 1

0 (1− p)2 p(1− p)

1 p2 p(1− p)

b½ζ�ξÕá§=pA÷v

(1− p)(2p2 − 2p+ 1) = (1− p)2,

(1− p)[2p(1− p)] = p(1− p),

p(2p2 − 2p+ 1) = p2,

p · 2p(1− p) = p(1− p).

)�p = 1
2 . u´�p = 1

2�§ζ�ξ�pÕá£Ó��y�ζ�η�pÕá§�ξ§η§ζ%

Ø�pÕá¤.

ù�~f�²
§�,ζ�ξ�m�3X¼ê'X§�§��±�pÕá.

14



30 ξ���ξ2ØØØ���'''

�ξ�±1
4�VÇ��±1§±2. duEξ = 0§�E(ξ3) = 0. ¤±cov(ξ, ξ2) = 0§

=ξ�ξ2Ø�'. �´ξ�ξ2�mkX��5'X.

��§�'Xê¿Ø´��5���Ýþ§==�Ñü��ÅCþm��5��

5.

31 ������ÝÝÝ���333���������777������ØØØ¿¿¿©©©^̂̂���

��ÅCþX�©Ù¼ê�F . ´�eEX�3§Kklimx→∞ x(1 − F (x)) = 0. �
XJlimx→∞ x(1− F (x)) = 0�3§Ø�½U��êÆÏ"EX�3.

~~~ b½©Ù¼ê�

F (x) =

{
0, x ≤ 1
1− 1/(kx), ek−1 < x ≤ ek, k = 1, 2, ...

����limx→∞ x(1−F (x)) = 0§
∫∞
0 (1−F (x))dx = ∞§�EX =

∫∞
0 (1−F (x))dxØ

�3.

32 333kkk���«««mmmSSSAAA���¼¼¼êêê������ØØØvvv±±±������ûûû½½½©©©ÙÙÙ¼¼¼êêê

l��5½n£5VÇØÄ:6§p229¤�§©Ù¼êdA�¼ê��û½. XJ
A�¼ê�½Â���k�«m§K��5½nØ¤á.

~~~ -

ϕξ(t) =

{
1− |t|, �|t| ≤ 1,
0, �|t| > 1.

Ï�ϕξ(t)3R1þ�È§�éA�©Ù�Ý�

fξ(x) =
1− cosx
πx2

.

,	§�Ä�lÑ.©Ùfη(k):

P (η = 0) =
1
2
,

P (η = (2k − 1)π) =
2

(2k − 1)2π2
, k = 0,±1, ...

15



ÙA�¼ê�

ϕη =
1
2

+
4
π2

∞∑
k=1

cos(2k − 1)πt
(2k − 1)2

.

�|t| ≤ 1�§kϕξ(t) = ϕη(t). ¯¢þ§òg(t) = |t|3«m|t| ≤ 1þÐm¤Fá�
?ê:

g(t) =
a0

2
+

∞∑
n=1

an cosnπt,

Ù¥

a0 = 1, an =
2(cosnπ − 1)

n2π2
,

Ïa2k = 0, (k 6= 0)§a2k−1 = − 4
(2k−1)2π2§u´

g(t) = |t| = 1
2
− 4
π2

∞∑
k=1

cos(2k − 1)πt
(2k − 1)2

.

òÙ�\ϕξ(t)§¿ò(Juϕη(t)'�§=�

ϕξ(t) = ϕη(t), |t| ≤ 1.

�t > 1�§w,k
ϕξ(t) 6= ϕη(t), |t| > 1.

dd��§ϕξ(t)�ϕη(t)´ü�ØÓ©Ù�A�¼ê§�d��5½n�ϕξ(t)�ϕη(t)´
ü�ØÓ�A�¼ê.

¤±§�A�¼ê3k�«mS��Øv±û½dA�¼ê§l�Øv±��

û½©Ù¼ê.

33 ���������ÅÅÅCCCþþþ���éééÜÜÜ©©©ÙÙÙ���������-1

��©ÙäkNõÐ�5�§Ù¥��´µ����©Ù�>�©ÙE´��©

Ù. ��§ü>�©ÙÑ´��©Ù§ÙéÜ©Ù�7´��©Ù.

~~~ �ü�Õá��ÅCþξ1§ξ2§üöÑÑl©ÙN(0, 1). �ÄXe��©Ùµ

(X1, X2) =

{
(ξ1, |ξ2|), ξ1 ≥ 0
(ξ1,−|ξ2|), ξ1 < 0.

w,(X1, X2)ØÑl��©Ù§�´>S©ÙX1§X2ÑÑl��©Ù.
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34 ���������ÅÅÅCCCþþþ���éééÜÜÜ©©©ÙÙÙ���������-2

~~~ ��©Ù¼êF (x, y)��Ý¼êXe

f(x, y) =
1
2π

exp
(
− 1

2
(x2 + y2)

)
· (1 + sinx sin y), −∞ < x, y <∞.

§Ø´��©Ù§�Ù>S�Ý¼ê©O�

fX(x) =
∫ ∞

−∞
f(x, y)dy =

1√
2π

exp(−x
2

2
), −∞ < x <∞,

fY (y) =
∫ ∞

−∞
f(x, y)dx =

1√
2π

exp(−y
2

2
), −∞ < y <∞.

=X ∼ N(0, 1)§Y ∼ N(0, 1).

35 eee(X1, ..., Xn)ÑÑÑlll������©©©ÙÙÙ§§§KKKX1, ..., Xn���???������555|||ÜÜÜ

ÑÑÑÑÑÑlll������©©©ÙÙÙ§§§���������´́́(X1, ..., Xn)���ÜÜÜ©©©���555|||ÜÜÜÑÑÑ

lll������©©©ÙÙÙ���§§§(X1, ..., Xn)ØØØ���½½½ÑÑÑlll������©©©ÙÙÙ

½Â�Ý¼êXeµ

fε(x1, ..., xn) = (2π)−n/2
n∏

k=1

ϕ0(xk)
[
1 + ε(x2

1 − x2
2)

n∏
k=1

xkI(−1,1)(xk) exp(
1
2

n∑
j=1

x2
j )
]
,

Ù¥(x1, .., xn) ∈ Rn§ϕ0 = exp(−1
2x

2), I(−1,1)´«m(−1, 1)þ�«5¼ê. ÀJÜ·�
~êε¦� ∣∣∣ε(x2

1 − x2
2)

n∏
k=1

xkI(−1,1)(xk) exp(
1
2

n∑
j=1

x2
j )
∣∣∣ ≤ 1.

�±�y§fε´��n��Ý¼ê§�§w,Ø´�����Ý¼ê.

�e5§·�¦(X1, ..., Xn)�>S©Ù. ·�k¦Ñfε�A�¼êφ§Xe

φ(t1, ..., tn) =
n∏

k=1

ϕ0(tk) + ε
[(
ψ(t1)ψ̃(t2)− ψ̃(t1)ψ(t2)

) n∏
k=3

ψ(tk)
]
,

Ù¥

ψ(t) =

{
(2i/t2)(sin t− t cos t), t 6= 0,
0, t = 0,

ψ̃(t) =

{
(2i/t) + (6/t2)ψ(t), t 6= 0,
0, t = 0.

dþª·��±��±e(Øµ
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1. X1, ..., Xnz�ÑÑl©ÙN(0, 1).

2. ∀k < n§�þ(Xi1 , ..., Xik)Ñl��©Ù.

3. -U = X1 ±X2§V�X3, ..., Xn�?��5|Ü§KU + VÑl��©Ù.

4. �a1, ..., an��"�¢ê§�|a1| 6= |a2|. K
∑n

k=1 akXk���.

5. E
(∏n

k=1Xk

)
= 0.

36 ���©©©ÙÙÙÂÂÂñññ���ØØØ���VVVÇÇÇÂÂÂñññ-1

�ÅCþS�{ξn}§e�VÇÂñuξ§K�½�©ÙÂñ. ��Ø,.

~~~ �Ω = {ω1, ω2}§P (ω1) = P (ω2) = 1
2 . ½Â�ÅCþξ : ξ(ω1) = −1§ξ(ω2) =

1. Kξ�©Ù�µ (
−1, 1
1
2 ,

1
2

)
(∗).

-ξn(ω) = −ξ(ω). w,§ξn(ω)�©Ù�´(*). Ïd§

ξn(ω) L→ ξ(ω).

�´§é?¿�0 < ε < 2,

P{|ξn(ω)− ξ(ω)| > ε} = P (Ω) = 1,

=ξn(ω) P9 ξ(ω).

37 ���©©©ÙÙÙÂÂÂñññ���ØØØ���VVVÇÇÇÂÂÂñññ-2

~~~ �{ξn, n ≥ 1}�ÕáÓ©Ù�òz�ÅCþS�§�Fn(x) ≡ F (x)§K

Fn(x) W→ F (x).

duÕá5§(ξn, ξm)�éÜ�Ý¼ê

Fξn,ξm(x, y) = Fξn(x)Fξm(y) = F (x)F (y).

Ï

P (|ξn − ξm| ≤ ε) =
∫ ∫

|x−y|≤ε
dFξn,ξm(x, y)

=
∫ ∞

−∞
[F (y + ε)− F (y − ε)]dF (x).

18



�¦P (|ξn − ξm| ≤ ε) → 1§7Lé��yk

F (y + ε)− F (y − ε) → 1.

�´§§Ø¤á. ù`²
dξn
L→ ξíØÑξn

P→ ξ.

XJò{ξn}Û��Õá�ÅCþS�§�kξn
L→ C§C�~ê§Kξn

P→ C.

38 ���VVVÇÇÇÂÂÂñññ���ØØØAAA���??????ÂÂÂñññ

�ÅCþS�{ξn, n ≥ 1}§eA�??Âñuξ§K�½�VÇÂñ. ��Ø,.

~~~ �Ω = (0, 1]§F�(0, 1]¥ÆX�:8�N|¤�σ�ê�N§P�V��ÿ
Ý. -

ηki
(ω) =

{
1, ω ∈ ( i−1

k , i
k ],

0, ω /∈ ( i−1
k , i

k ].
(i = 1, 2, ..., k, k = 1, 2, ...)

½Â

ξn(ω) = ηki
(ω), n = i+

k(k − 1)
2

.

u´{ξn, n ≥ 1}´���ÅCþS�.

(1) ξn
P→ ξµéu?¿ε > 0§du

P{|ηki
(ω)| ≥ ε} ≤ 1

k
,

�

P{|ξn(ω)| ≥ ε} → 0, (n→∞).

=ξn
P→ ξ.

(2) ξn
a.s.9 ξµdué?¿���½�ω ∈ Ω§?���êk§Tk��i§

¦ηki
(ω) = 1. éÙ{�ikηki

(ω) = 0. dd�§{ξn(ω)}éz��ω ∈ ΩÑØÂ
ñ.

39 ���VVVÇÇÇÂÂÂñññ���ØØØr���ÝÝÝÂÂÂñññ-1

-{Xn, n ≥ 1}´���ÅCþS�§÷v

P (Xn = en) = 1/n, P (Xn = 0) = 1− 1/n, n ≥ 1.

19



K§∀ε > 0k

P (|Xn| < ε) = P (Xn = 0) = 1− 1/n→ 1, n→∞,

ÏdXn
P→ 0§�n→∞. ,§ér > 0§

E(Xr
n) = ern 1

n
→∞, n→∞.

ÏdXn
r9 0.

40 ���VVVÇÇÇÂÂÂñññ���ØØØr���ÝÝÝÂÂÂñññ-2

½Â�ÅCþS�{Yn, n ≥ 2}Ú{Zn, n ≥ 1}µ

P (Yn = 1) = 1/ log n = 1− P (Yn = 0),

P (Zn = 0) = 1− n−α, P (Zn = ±n) = 1/(2nα), 0 < α ≤ 2.

K�n→∞�§∀r > 0§kYn
P→ 0§Yn

r9 0§Zn
P→ 0§Zn

r9 0.

41 r���ÝÝÝÂÂÂñññ���ØØØAAA���??????ÂÂÂñññ

-Ω = [0, 1]§F = B[01]§P�V��ÿÝ. éz�g,ên§k�=k�é�
ê(m, k)÷vm ≥ 0Ú0 ≤ k ≤ 2m − 1§¦�n = 2m + k. ½Â¯��

An = [k2−m, (k + 1)2−m).

-�ÅCþS�Xn = Xn(ω) = 1An(ω), n ≥ 1. KE(|Xn|) = E(Xn) = 2−m → 0§
�n→∞. Ïd(r = 2)

Xn
r→ 0, n→∞.

,	§´yXn
a.s.9 0§�n→∞.

42 AAA���??????ÂÂÂñññ���ÃÃÃ{{{íííÑÑÑr���ÝÝÝÂÂÂñññ

½Â�ÅCþS�{Xn, n ≥ 1}Xeµ

P (Xn = 0) = 1− 1/nα, P (Xn = n) = P (Xn = −n) = 1/(2n)α, α > 0.

20



dE(|Xn|1/2) = 1/nα−1/2§��
∑∞

n=1E(|Xn|1/2) < ∞§eα > 3/2. dMarkovØ�
ª§�P (|Xn| > ε) ≤ ε−1/2E(|Xn|1/2)§Ïd

∑∞
n=1 P (|Xn| > ε) < ∞,∀ε > 0. 2|

^Borel-CantelliÚn§�íÑXn
a.s.9 0§�n→∞.

,§E(|Xn|2) = 1/nα−2§Ïd§éuα ≤ 2§Xn
29 0.

¤±§eα ∈ [3/2, 2]§KXn
a.s.→ 0§�Xn

29 0.

43 Xn
L→ XÚÚÚYn

L→ YØØØ���½½½íííÑÑÑXn + Yn
L→ X + Y

�{Xn, n ≥ 1}Ú{Yn, n ≥ 1}Õá�§Xn
L→ X§Yn

L→ YU
íÑXn + Yn
L→

X + Y . �k
�¹§·�íØÑXn + Yn
L→ X + Y .

~~~ -{Xn, n ≥ 1}�ÕáÓ©Ù�ÅCþS�§�P (Xn = 1) = P (Xn = 0) =
1/2. -Yn = 1 − Xn§KXn

L→ XÚYn
L→ Y¤á§Ù¥P (X = 1) = P (X = 0) =

P (Y = 1) = P (Y = 0) = 1/2§�XÚYÕá. duXn + Yn = 1§P (X + Y = 1) =
2P (X + Y = 0) = 2P (X + Y = 2) = 1/2§�ØU��Xn + Yn

L→ X + Y .

44 éééuuu???¿¿¿¼¼¼êêêg§§§Xn
P→ XØØØUUUíííÑÑÑg(Xn)

P→ g(X)

�ÅCþX§Xn, n ≥ 1÷vXn
P→ X§�n→∞. ¼êg(x)§x ∈ R´��ëY¼

ê§Kg(Xn) P→ g(X), n→∞.

eg(x)ØëY§KþªØ�½¤á. ~X§½Â¼ê

g(x) =

{
0, x ≤ 0,
1, x > 0.

-P (Xn = 1) = n−1§P (Xn = n−1) = 1− n−1§KXn
P→ X,X = 0, a.s.. �kg(Xn) =

1Úg(X) = 0§Ïdg(Xn) P9 g(X).

45 ���ÅÅÅCCCþþþSSS���ÂÂÂñññ§§§ÙÙÙÏÏÏ"""ØØØ���½½½ÂÂÂñññ

~~~ ½Â�ÅCþS�{Xn, n ≥ 1}Xeµ

P (Xn = −n− 4) = 1/(n+ 4), P (Xn = −1) = 1− 4/(n+ 4),

P (Xn = n+ 4) = 3/(n+ 4).
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∀ε > 0§·�k
P (|Xn − (−1)| > ε) = 4/(n+ 4).

Ïd§Xn
P→ −1§�n→∞. ,��¡

EXn = 1 + 4/(n+ 1), lim
n→∞

EXn = 1.

Ïd§�VÇÂñØU�yÏ"Âñ.

46 ©©©ÙÙÙ¼¼¼êêê������444������777´́́©©©ÙÙÙ¼¼¼êêê

�{D(x+ n)}��©Ù¼ê�§Ù¥

D(x) =

{
1, x > 0,
0, x ≤ 0.

ù�S��4�¼êÒØ´��©Ù¼ê. ,	§©Ù¼êS�{D(x− n)}�4�¼ê
�Ø´��©Ù¼ê.

47 ©©©ÙÙÙ¼¼¼êêê������777fffÂÂÂñññuuu©©©ÙÙÙ¼¼¼êêê

lþ¡�§©Ù¼ê��4�¼ê�7´©Ù¼ê. eòÂñ5U�fÂñ§E�
7U�ÑÙ4�¼ê´��©Ù¼ê. 5VÇØÄ:6270�®²�Ñ��~f§ùp
�Ñ,	��~f.

½Â©Ù¼ê�{Fn}:

Fn(x) =

{
0, x ≤ 1− 1

n ,

1, x > 1− 1
n .

(n = 1, 2, ...)

9

F (x) =

{
0, x ≤ 1,
1, x > 1.

K�x > 1�§Fn(x) = F (x) = 1¶�x < 0�§Fn(x) = F (x) = 0¶�0 < x < 1�§7
�3��êm§¦�

1− 1
m
≤ x < 1− 1

m+ 1
.

u´§�n ≥ m+ 1�§Fn(x) = 0. d�Ek

Fn(x) → F (x).

�x = 1´F (x)�ØëY:. �Ø
x = 1�	���xþk

Fn(x) → F (x).
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48 fffÂÂÂñññ���444���¼¼¼êêêØØØ������

�Ä��©Ù¼êS�

Fn(x) =
n√
2π

∫ x

−∞
exp(−n

2y2

2
)dy, n = 1, 2, ...

,	§½Â

F (x) =

{
0, x < 0,
1, x ≥ 1,

G(x) =


0, x < 0,
1
2 , x = 0,
1 x > 0.

KFn(x) W→ F (x)§Fn(x) W→ G(x)§�´F (x) 6= G(x).

49 ������lllÑÑÑ���ÕÕÕááá���ÅÅÅCCCþþþSSS���÷÷÷vvvfff���êêêÆÆÆØØØ÷÷÷vvvrrr���êêê

ÆÆÆ

-{Xn, n ≥ 2}���Õá��ÅCþS�§÷v

P (Xn = ±n) = 1/(2n log n), P (Xn = 0) = 1− 1/(n log n), n = 2, 3, ...

-An = {|Xn| ≥ n}§K

P (An) = 1/(n log n) ⇒
∞∑

n=2

P (An) = ∞.

2dBorel-CantelliÚn§�

P (An, i.o.) = P (
∞⋂

k=1

∞⋃
n=k

An) = 1 ⇒ P ( lim
n→∞

Sn/n 6= 0) = 1,

=S�{Xn, n ≥ 2}Ø÷vr�êÆ§ùpSn = X1 + · · ·+Xn.

e¡·�y²{Xn, n ≥ 2}÷vf�êÆ.w,DXk = k/ log k.du¼êx/ log x3x =
e?��ÛÜ���§�

∑n
k=3 k/ log k ≤

∫ n+1
3 (x/ log x)dx§K·�´�

1
n2

n∑
k=2

DXk ≤
( 2

log 2
+
∫ n+1

3
(x log x)dx

)
≤ 2
n2 log n

+
(n− 2)(n+ 1)

n2 log n
→ 0, n→∞,

={Xn}÷vMarkov^�§�{Xn, n ≥ 2}Ñlf�êÆ.
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50 ������ýýýéééëëëYYY���ÕÕÕááá���ÅÅÅCCCþþþSSS���÷÷÷vvvfff���êêêÆÆÆ���ØØØ÷÷÷vvv

rrr���êêêÆÆÆ

-{Xn, n ≥ 1}���Õá��ÅCþS�§�Ý¼ê�

fn(x) = (
√

2σn)−1 exp(−
√

2|x|/σn), x ∈ R.

O���DXn = σ2
n. ½Âσ2

n = 2n2/(log n)2§n ≥ 2.

Äk§·�y²{Xn}Ø÷vr�êÆ. ¯¢þ§-An = {|Xn| ≥ n}§K

P (An) = 2(
√

2σn)−1

∫ ∞

n
exp(−

√
2x/σn)dx = exp

(
− 1

2

√
2(log n)2/n

)
.

du(log n)2/n→ 0§�
∑∞

n=2 P (An) = ∞§={Xn, n ≥ 1}Ø÷vr�êÆ.

�e5§·�y²{Xn}÷vf�êÆ. Äk

P
( 1
n
|Xk| > ε

)
= exp(−nε log k

k
), k = 2, 3, ..., n.

?¿�c > 0, ε > 0üê§½Â#��ÅCþX̃k

X̃k =

{
Xk, |Xk| ≤ c,

c, |Xk| > c.

w,§
n∑

k=2

P
( 1
n
|X̃k| > ε

)
→ 0, n→∞.

�lÑ��/aq§�±��

1
n2

n∑
k=2

DX̃k → 0, n→∞.

|^Feller½n§{Xn, n ≥ 1}Ñlf�êÆ.
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